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Model problem

minimize
x

f (x) :=
1
m

m∑
i=1

fi (x)

Examples:
• least-squares fi (x) = (aT

i x − bi )
2 f (x) = ‖Ax − b‖2

• log likelihood fi (x) = − log p(bi ; x)

• sample average fi (x) = f (x , ωi ) f (x) ≈ Eω[f (x , ω)]

Context:
• m large
• each fi (x) and ∇fi (x) expensive to evaluate

Computing costs:
• count fi /∇fi evals, not f /∇f evals
• minimize passes through full data set (f1, . . . , fm)

2 / 33



SEISMIC
INVERSION



Reflection seismology

3 / 33



Full waveform inversion: velocity models
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Full waveform inversion
Each of m experiments yields a vector of measurements:
sources: q1, . . . , qm

measurements: d1, . . . , dm

Seismic Laboratory for Imaging and Modeling

Forward problem: given m, predict data.
If m, the velocity on the grid, is known, then we can predict (frequency-
domain) data via Helmholz PDE: 

d = Pu

q

�
!2m + r2

�
u = q

!"#$%&'#())'*m =

q: known source

m: known velocity

    : frequency 

u: predicted wavefield (on 
entire grid)

P: restriction to surface 
(where data is observed)

d: Predicted data. 

!

Thursday, July 19, 2012

1 source, 1 frequency:

minimize
x ,u

‖d − Pu‖2 subj to Hω(x)u = q

All sources, all frequencies: (eg, 1k sources, ∼ 10 freqs)

minimize
x

m∑
i

∑
ω∈Ω

‖di − PHω(x)−1qi‖2

Main cost is solution of Helmholtz equation for each (i , ω) pair:

Hω(x)u = qi
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Dimensionality reduction and stochastic optimization

Use all your data:

f (x) =
m∑
i
‖ri (x)‖2 with ri (x) = di − F (x)qi

Dimensionality reduction: form s weighted averages (s � m)

d̄j :=
m∑
j

wij di and q̄j :=
m∑
j

wij qi , j = 1, . . . , s

Stochastic approximation of the misfit:

f̄ (x) =
s∑
j
‖r̄ j (x)‖2 with r̄ j (x) = d̄j − F (x)q̄j

Stochastic optimization interpretation holds if E[WW T ] = I:

E[f̄ (x)] = f (x) and E[∇f̄ (x)] = ∇f (x)
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Stochastic trace estimation
Least-squares misfit is a matrix trace:

f (x) =
m∑
i
‖ri‖2 = trace(RTR) with R = [ r1 | · · · | rm ]

Data mixing (dimensionality reduction) equivalent to

R W = R̄

gives sample-average function

f̄ (x) =
s∑
j
‖r̄ j‖2 = trace(R̄TR̄) with R̄ = [ r̄ 1 | · · · | r̄ s ], s � m

Connected to stochastic trace estimation.
• Hutchinson (’90) — minimize var[trace(R̄T R̄)] with W ∼ Rademacher
• Avron & Toledo (’11) — other optimal choices for W
• Haber, Chung, Herrmann (’12) — connection to inverse problems

7 / 33



Nonlinear least-squares with corrupted data

good data 4% bad data
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Robust misfit measures

di = F (x)qi + ε

0

Student’s-t
Laplace
Normal

0

|x |

1
2 x2

log(k + x2)

density function penalty function

• Least-squares penalty assumes ε ∼ N (0, 1)

• Theorem: Log-concave densities—ie, those induced by convex
penalties—are all exponentially bounded:

prob
(
|x | > t + ∆t given |x | > t

)
= O(e−∆t)

• Heavy-tailed densities: robust to wrong data & approximate models
9 / 33



Robust fullwaveform inversion results

• Recover velocity on a 2D grid: 201× 301
• 151 sources, 6 frequencies: 906 PDE solves per f /∇f -eval
• 50% corrupted data
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minimize ρ(R(x)) with R(x) = D − F (x)Q

Normal Laplace Student’s-t

‖R(x)‖2
F

∑
ij ‖Rij (x)‖1

∑
ij log

(
k + Rij (x)2)
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Sampling strategies for dimensionality reduction

Generic inverse problem (assuming iid observations):

min
x

f (x) :=
1
m

m∑
i
ρ
(
ri
)

with R(x) = [ r1 | · · · | rm ]

Moment condition E [WW T ] = I is not generally sufficient to guarantee

E[ f̄ (x)] = f (x)

E[∇f̄ (x)] = ∇f (x)
with R̄(x) = R(x)W

Random subset selection without replacement, ie,

R̄(x) = [ ri(1) | ri(2) | · · · | ri(s) ]

does yield desired “expected objective” property
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MODEL PROBLEM

minimize
x

f (x) :=
1
m

m∑
i=1

fi (x)
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Complexity of steepest descent

Baseline Algorithm:

xk+1 ← xk − αk∇f (xk ), αk ≡ 1/L

Assume: convex f ; Lipschitz ∇f with param L

Sublinear rate:
• f (xk )− f (x∗) = O(1/k) (constant stepsize)
• f (xk )− f (x∗) = O(1/k2) (optimal rate with extrapolation)

[Nesterov ’83; Tseng ’10]

Linear rate: additionally assume that f is strongly convex w/ param µ

• f (xk )− f (x∗) = O([1− µ/L]k )

Note: if f is twice differentiable, µI � ∇2f (x) � LI
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Incremental gradient methods

Algorithm: xk+1 ← xk − α∇fi (xk ), i ∈ {1, . . . ,m} cyclic , randomized

Assume: f strongly convex (µ) and Lipschitz ∇f (L)

Constant stepsize: αk ≡ ᾱ

• ‖xk − x∗‖2 ≤ O([1− µ/L]k ) +O(m2ᾱ) k full cycles

• E‖xk − x∗‖2 ≤ O([1− µ/L]k ) +O(mᾱ) k iterations

Decreasing stepsize:
∑

k αk =∞,
∑

k α
2
k <∞

• ‖xk − x∗‖2 = O(1/k) k full cycles

• E‖xk − x∗‖2 = O(1/k) k iterations

Many variations:
Luo/Tseng ’94; Nedić/Bertsekas ’00/’10; Blatt et al ’08; Bottou ’10
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EXAMPLES



Seismic inversion
Recover image of geological structures via nonlinear least squares

minimize
x

m∑
i

∑
ω∈Ω

‖di − PHω(x)−1qi‖2

Observations: Each of m “shots” is an experiment:

sources: q1, . . . , qm, measurements: d1, . . . , dm
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full gradient incremental gradient gradient sampling
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Image denoising

• Statistical denoising via conditional random fields
• Dataset of 50 synthetic 64× 64 images [Kumar/Hebert ’04]
• Generalization of logistic model to capture dependencies among labels

maximize
x

m∑
i=1

log p(bi ; x)

• p is intractable and approximated
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true image noisy sample

full gradient incremental gradient gradient sampling

0.250.500.7512345 of 5 passes 19 / 33



Sampling approach

Increasing batch: [Bertsekas/Tsitsiklis ’96, Shapiro/H-do-M ’00]

Sk ⊆ {1, . . . ,m}, sk → m (slowly)

Sample-average gradient:

gk (x) :=
1
sk

∑
i∈Sk

∇fi (x)

Algorithm:

xk+1 ← xk − αk d with Hk d = −gk (xk )

Goal: non-asymptotic analysis based on controlling gradient error

• gk (x) = ∇f (xk ) + ek where ‖ek‖2 ≤ εk or E[‖ek‖2] ≤ εk

• How to control sample size sk ?
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Gradient with generic errors

Prototype algo:

xk+1 ← xk − αgk , gk = ∇f (xk ) + ek , α fixed

Assumptions:
• Lipschitz gradient (L); strong convexity (µ)
• ‖ek‖2 ≤ εk

Convergence rate: for all k = 1, 2, . . . [F. & Schmidt ’12]

‖xk − x∗‖2 ≤ O([1− µ/L]k ) +O(εk )

Examples:
linear: εk = O(γk ) =⇒ f (xk )− f∗ = O(max{γ, 1− µ/L}k )

sublinear: εk = O(1/k2) =⇒ f (xk )− f∗ = O(1/k2)

persistent err: inf
k
εk > 0 =⇒ f (xk )− f∗ = O(εk )
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Growing the sample size

Prototype algo:

xk+1 ← xk − αgk , gk =
1
sk

∑
i∈Sk

∇fi (xk ), Sk ⊆ {1, . . . ,m}

Sampling strategies
• Deterministic: pre-determined sample sequence
• Randomized: uniform sampling

Convergence rates for all k = 1, 2, . . . [F. & Schmidt ’12]

deterministic: ‖xk − x∗‖2 = O([1− µ/L]k ) +O
([m−sk

m
]2)

sampling w/o replacement E‖xk − x∗‖2 = O([1− µ/L]k ) +O
(

m−sk
m · 1

sk

)
sampling w/ replacement E‖xk − x∗‖2 = O([1− µ/L]k ) +O

(
1
sk

)
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Illustration

Sample-size schedule Cumulative samples
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In practice

Algorithm:

xk+1 ← xk − αkd , Bkd = −gk(xk ), gk(x) =
1
sk

∑
i∈Sk

∇fi (x)

Hessian approximations Bk :
• (limited-memory) quasi-Newton: [Schraudolph et al ’07]

sk := xk+1 − xk , yk := gk(xk+1)− gk(xk )

• sample-average Hessian: [Byrd et al ’11]

Bk :=
1

hk

∑
i∈Hk

∇2fi (xk ), hk � sk

• Fisher information [for f (x) = −
∑

i log pi (ωi ; x)]: [Osborne ’92]

Bk ≈ Eω[∇2f (x)] = Eω[∇f (x)∇f (x)T ]
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APPLICATIONS



Binary logistic regression

max
x

m∑
i

log p(bi | ai , x), p(bi | ai , x) =
1

1 + exp(−bi aT
i x)

, bi ∈ {−1, 1}

• Email spam classifier (Cormack and Lynam, 2005)
• TREC 2005 dataset: 92,189 email msgs from Enron investigation
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Multinomial logistic regression

max
x

m∑
i

log p(bi = j | ai , {x}j∈C), bi ∈ C

• Digit classification
• MNIST dataset: 70,000 handwritten 28×28 images of digits
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Chain-structured conditional random fields

max
x

m∑
i

log p({bk
i = jk}k∈Ω | {ak

i }k∈Ω, {xj}j∈C), bk
i ∈ C, k ∈ Ω

• noun-phrase chunking task from natural-language processing
• CoNLL-2000 Shared Task dataset: 211,727 words in 8,936 sentences
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General conditional random fields

min
x

m∑
i=1

p(bi ; x)

• Statistical denoising
• Kumar/Hebert dataset of 50 synthetic 64× 64 images
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Seismic inversion

min
x

m∑
i

∑
ω∈Ω

‖di − PHω(x)−1qi‖2

• Recover seismic image via nonlinear least squares
• Marmousi 2D acoustic model; 101 sources/receivers; 8 frequencies
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No strong convexity, no linear convergence

Steepest descent
xk+1 ← xk − α∇f (xk )

is sublinear:
f (xk )− f (x∗) = O(1/k)

Approximate steepest descent

xk+1 ← xk − αdk with dk = ∇f (xk ) + ek

Summable errors, ie,
∑∞

k ‖ek‖ <∞, gives sublinear iterate average:

f (x̄k )− f (x∗) = O(1/k), x̄k :=
1
k

k∑
i=1

xi
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