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Abstract

The basis pursuit technique is used to find a minimum one-norm solution of an un-
derdetermined least-squares problem. Basis pursuit denoise fits the least-squares
problem only approximately, and a single parameter determines a curve that traces
the trade-off between the least-squares fit and the one-norm of the solution. We
show that the function that describes this curve is convex and continuously differ-
entiable over all points of interest. The dual solution of a least-squares problem
with an explicit one-norm constraint gives function and derivative information
needed for a root-finding method. As a result, we can compute arbitrary points on
this curve. Numerical experiments demonstrate that our method, which relies on
only matrix-vector operations, scales well to large problems.

1 Basis pursuit denoise

Basis pursuit aims to find a sparse solution of the underdetermined system of equations Az = b,
where A € R™*™ and b € R™. Typically, m < n, and the problem is ill-posed. The approach
advocated by Chen et al. [5] is to solve the basis pursuit (BP) problem

minimize ||z||; subjectto Az =b. (1)
zeRn

In the presence of noisy or imperfect data, however, it is undesirable to fit the linear system exactly.
Instead, the constraint in (1) is relaxed to obtain the basis pursuit denoise (BPDN) problem

(BP,) minimize ||z||; subjectto |Az —b|2 < o,
x

where o > 0 is an estimate of the noise level in the data. The case 0 = 0 corresponds to a (BP)
solution. There is now a significant body of work that addresses the conditions under which a
solution of this problem coincides with the sparsest solution of the underdetermined system (see
[8, 18] and references therein).

We present an algorithm, suitable for large-scale applications, that is capable of finding an accurate
solution of (BP,) for any value of o > 0. Our approach is based on recasting (BP,) as a problem
of finding the root of a single-variable nonlinear equation. At each iteration of our algorithm, an
estimate of that variable is used to define a convex optimization problem whose solution yields
derivative information that can be used by a Newton-based root finding algorithm.

The one-norm regularized least-squares problem
minimize  1||Az — b||3 + 7|z |1 (2)
xT
is often called a BPDN problem; this is the problem statement first proposed by [5]. It is well known
that, for appropriate choices of o and ~, the solutions of (BP,) and (2) coincide. Formulation (2) is

often preferred because of its close connection to convex quadratic programming (see, e.g., [12]), for
which many standard algorithms and software are available. However, except for special cases (such



as A orthogonal) the parameters that make these problems equivalent cannot be known a priori, and
it is often not clear how to choose the parameter .

We focus on the situation where the parameter o is known (perhaps approximately)—e.g., if there
is an estimate of noise level inherent in the underlying system or in the measurements taken. In this
case, it is preferable to solve (BP,) directly. In this paper we outline a method for doing this.

1.1 Approach

At the heart of our approach is the ability to efficiently solve the one-norm constrained least-squares
problem

(LAss0y) minimize | Az —b|l, subjectto |z|; <A
x

using a spectral projected-gradient (SPG) algorithm [3]. Like (2), this problem is parameterized by a
scalar; the crucial difference, however, is that the dual solution of (LAss0)) yields vital information
on how to update X so that the next solution of (LAsS0)) is much closer to the solution of (BP,).

Each iteration of the SPG method requires an orthogonal projection of an n-vector onto the convex
set {x | |||y < A}. In §3 we present an O(n + k log n) algorithm for this projection, where k is the
number of nonzeros in the vector. In many important applications, A is a Fourier-type operator, and
matrix-vector products with A and AT can be obtained with O(nlogn) cost. The dominant cost in
our algorithm, then, consists of the matrix-vector products, as it does in other algorithms for BPDN
and (LASSO)).

Let z, denote the optimal solution of (LAss0,). The single-parameter function
d(A) = |Ir\ll with ry :=b— Ax, 3)

gives the optimal value of (LAsso,) for each A > 0. As we describe in §2, the derivative of ¢()\) is
given by —pu,, where 11, > 0 is the dual solution of (LAssoy). Importantly, this dual solution can
be easily obtained as a by-product of the minimization of (Lasso,). Our approach is thus based on
applying Newton’s method to find a root of the nonlinear equation

$(A) = o, “4)

which defines a sequence of regularization parameters A* — \*, where z, . is a solution of (BP,).
In §2.3 we present rate-of-convergence results for the case where ¢ and ¢’ are known only ap-
proximately, that is, when (LAsso0)) is approximately minimized. This is in contrast to the usual
inexact-Newton analysis which assumes that ¢ is known exactly.

We make the blanket assumptions that the vector b € range(A) and b # 0. Note that this is only
needed to simplify the discussion, and implies that (BP,) is feasible for all ¢ > 0.

1.2 Related work

A number of approaches have been suggested for solving (BP,,), many of which are based on re-
peatedly solving (2) for various values of . Notable examples of this approach are HomoTopy [15]
and LaRs [11], which solve (2) for essentially all values of ~. In this way, they eventually discover
the value of  that recovers a solution of (BP,). These active-set continuation approaches begin with
v = ||ATb|| (for which the corresponding solution x., = 0), and gradually reduce 7 in stages that
predictably change the sparsity pattern in x.,. The remarkable efficiency of these continuation meth-
ods stems from their ability to systematically update the resulting sequence of solutions [9]. The
computational bottleneck is the solution at each iteration of a least-squares subproblem that involves
a subset of the columns of A. Moreover, even if the target value -, is known a priori, the methods
necessarily begin with v = || A7b||», and traverse all critical values of v down to 7,.

The problem (BP,) can be considered to be a special case of the generic second-order cone program
[4, Ch. 5]. Interior-point (IP) algorithms for general conic programs can be very effective if the
matrices are available explicitly. Examples of general-purpose software for conic programs include
SeDuMi [17] and MOSEK [13]. The software package SparseLab [10] implements an IP algorithm
specially adapted to (BP,). The efficiency of software implementations based on IP algorithms
ultimately relies on the ability to efficiently solve certain systems of highly ill-conditioned matrices.



Our application of the SPG algorithm closely follows Birgin et al. [3] in minimizing general non-
linear functions over arbitrary convex sets. Their proposed method combines projected-gradient
search directions with the spectral steplength that was introduced by Barzilai and Borwein [1]. The
key ingredient of Birgin et al.’s algorithm is the projection of the gradient direction onto a convex
set, which in our case is defined by the constraint in (LASSO)).

In a recent report, Figueiredo et al. [12] describe the efficiency of an SPG method specialized to (2).
Their approach builds on the earlier report by Dai and Fletcher [6] on the efficiency of a specialized
SPG method for general, bound-constrained quadratic programs.

2 The optimal trade-off curve

The function ¢ defined by (3) yields the optimal value of the constrained problem (LAsso,) for
each value of the regularization parameter \. Its graph traces the optimal trade-off between A,
which constrains ||z||;, and the residual norm ||Az — bl||5. Fig. 1(a) shows the graph of ¢ for a
typical problem.

To deal with the nondifferentiability of the one-norm constraints, we appeal to Lagrange duality
theory. This approach yields significant insight into the properties of the optimal trade-off curve.
We discuss the most important properties below.

2.1 The LASSO dual

In order to derive the dual of (LAss0)), we first recast it as the equivalent problem

minimize ||r|, subjectto Az +r =05, |z|; <A (5)
The dual of this convex problem is given by
maximize L(y,u) subjectto p >0, (6)
Y.

where
Ly, 1) = inf [lrlly —y"(Az + 7= B) + (]l — A)

is the Lagrange dual function. We use the separability of the infimum in r and z to rearrange terms
and arrive at the equivalent statement

Ly, ) = by — A —sup (y'r — [[r]l5) —sup (y" Az — pll|,).
T €T
We recognize the suprema above as the conjugate functions of |||, and p||z||;, respectively. For an

arbitrary norm || - | with dual norm || - ||, the conjugate function of f(x) = al|z|| for any o > 0 is
given by ([4, §3.3.1])

0 ifflyll, <a
oo otherwise.

F(0) = s (% — alel) = { )
xT

With this expression of the conjugate function, it follows that (6) remains bounded if and only if the
dual variables y and y satisfy the constraints ||y|, < 1 and ||ATy||., < p. The dual of (5) is then
given by

oo

maximize b7y — A\ subjectto [yll, <1, [|ATy|. < p. (8)
Ysh
The dual variables y and p can easily be computed from the optimal primal solutions. To derive y,
first note that from (7), .
sup (y'r — [[rlls) = 0 if [lylly < 1. ©)

Therefore y = r/||r||5, and we can without loss of generality take ||y||, = 1 in (8). To derive pu,
note that as long as A > 0, ;2 must be at its lower bound, as implied by the constraint | ATy|| ., < p,
and so we take 1 = ||ATy|| . (If r = 0 or A\ = 0, the choice, respectively, of i and i is arbitrary.)

lloo
The dual variable can then be eliminated, and we arrive at the following necessary and sufficient
optimality conditions for the primal-dual solution (7, ,, t ) of (5):

lzxlly A 1A% loe < mallralla, and gy (llzally = A) =0, (10)

which respectively describe primal feasibility, dual feasibility, and complementarity.



2.2 Convexity and differentiability of the trade-off curve

Our root-finding procedure for locating specific points on the optimal trade-off curve relies on sev-
eral important properties of the function ¢. Let Ay be the optimal objective value of the BP problem
(1). As we show below, ¢ is nonincreasing, and its definition thus implies that Az is the first point
at which the graph of ¢ touches the horizontal axis. Our assumption that 0 # b € range(A) implies
that (1) is feasible, and Agp > 0. Therefore, at the endpoints of the interval of interest,

¢(O) = ”b ‘2 and ¢(/\BP) =0. (11)

As the following result confirms, the function is convex, and strictly decreasing over the interval
A € [0, Agp]. Crucially, it is also continuously differentiable on the interval of interest.

Theorem 2.1. (a) The function ¢ is convex and nonincreasing. (b) For all A € (0, Agp), ¢ is
continuously differentiable, ¢'(\) = —pu,, and the optimal dual variable p, = ||Ay, where
yy =71/||7y\ e (€) For A € [0, Age), |z |l = A and ¢ is strictly decreasing.

loos

Proof. (a) The function ¢ can be restated as ¢(A) = inf, f(z, A), where

0 if|lz|ly <A
oo otherwise.

F@,A) = Az — blly + 5 (x) and vy (x) = {

Note that by (7), ¥, () = sup, z7z — A||z||, Which is the pointwise supremum of an affine
function in (x, \). Therefore it is convex in (x, A). Together with the convexity of | Az — b||,, this
implies that f is convex in (x, A). Consider any A1, A2 > 0, and let z; and x5 be the corresponding
minimizers of ¢. For any v € [0, 1],

p(vA1 + (1 =7)A2) = igf f@, v A+ (1 =7)A2)
< flyzr + (L= y)z2,7A1 + (1 = 7)A2)
<Af(wr, A1) + (1= 7) f(w2, A2)
=76(M) + (1 = 7)9(A2),

and so ¢ is convex in A. Also, ¢ is nonincreasing because the feasible set enlarges as \ increases.

(b) The function ¢ is differentiable at A if and only if its subgradient at A is unique [16, Theorem
25.1]. By [2, Proposition 6.5.8(a)], —i, € 9d¢(A). Therefore, to prove differentiability of ¢ it is
enough show that ;1 is unique. Note that y appears linearly in (8) with coefficient —\ < 0, and
thus 4, is not optimal unless it is at its lower bound, as implied by the constraint || ATy, || .. Hence,
py = [|ATy, |- Moreover, convexity of (LAss0,) implies that its optimal value is unique, and so
ry = b— Az, is unique. Also, ||r, || > 0 because A < Agp. As discussed in connection with (9), we
can then take y, =, /||, ||2, and so uniqueness of 7, implies uniqueness of y, and thus uniqueness
of u,, as required. The continuity of the gradient follows from the convexity and differentiability
of ¢.

(c) The assertion holds trivially for A = 0, and for A = Agp, |2 Asp || = Asp by definition. It only
remains to prove (c) on the interior of the interval. Note that ¢(\) = ||r, || > O forall A € [0, Agp).
Then by (b), —¢+ < 0 (and hence ¢ is strictly decreasing for A < Agp). But because x, and ji, both
satisfy the complementarity condition in (10), it must hold that ||z, ||, = . O

Interestingly, the technique used to prove convexity and differentiability in Theorem 2.1 does not in
any way rely on the specific norm used for the regularization function. Thus, an optimal trade-off
curve defined for any p-norms in (LAsso,) has the properties of convexity and differentiability.

2.3 Root finding

As we briefly outlined in §1.1, our algorithm generates a sequence of regularization parameters
A*¥ — \* based on the iteration

AL AR L AN with  ANF = —(o(\F) — o) /¢ (AF), (12)

such that the corresponding solutions z* := z & of (LAssoyx) converge to . For values of o €

(0,1]10]|5), Theorem 2.1 implies that ¢ is convex, strictly decreasing, and continuously differentiable.
In that case it is clear that \¥ — \* superlinearly for all initial values \° € (0, Agp) (see, e.g., [14]).



The efficiency of our method, as with many Newton-type methods for large problems, ultimately
relies on the ability to carry out the iteration described by (12) with only an approximation to ¢(\¥)
and ¢'(\*). Although the nonlinear equation (4) that we wish to solve involves only a single variable
A, the evaluation of ¢(\) involves the solution of (LAssoy), which can be a large optimization
problem that is expensive to solve to full accuracy.

For systems of nonlinear equations in general, inexact Newton methods assume that the Newton
system analogous to the equation

¢ (A AN = —(6(A*) - o)

is solved only approximately with a residual that is a fraction of the right-hand side. A constant frac-
tion yields a linear convergence rate, and a fraction tending to zero yields a superlinear convergence
rate (see, e.g., [14].) However, the inexact Newton analysis does not apply to the case where the
right-hand side (i.e., the function itself) is known only approximately and it is therefore not possible
to know a priori the accuracy required to achieve an inexact-Newton-type convergence rate. This is
the situation that we are faced with if (Lasso,) is solved approximately. As we show below, with
only approximate knowledge of the function value ¢, this inexact version of Newton’s method still
converges, though the convergence rate is sublinear.

2.3.1 Approximate primal-dual solutions

The algorithm for solving (Lasso,) that we outline in §3 maintains feasibility of the iterates at all
iterations. Thus, an approximate solution Z, and its corresponding residual 7y := b — AZ, satisfy

[Zxll <A, and - [[7y[lo = [Iralls > 0, (13)

where the second set of inequalities holds because Z, is suboptimal and A < Agp. We can thus
construct approximations to the dual variables

g =7/l and iy = (1A, ]l (14)

which are dual feasible, i.e., they satisfy the second inequality in (10). The value of the dual problem
(6) at any feasible point gives a lower bound on the optimal value ||7, ||, and the value of the primal
problem (5) at any feasible point gives an upper bound on the optimal value. Therefore,

01gx = My < lIrall < lI7all
We use the duality gap
8y = [7alls = 075y — Aizy) > 0 (15)
to measure the quality of the approximate solution Z, .
Let ¢(A) := ||, ||, be the objective value of (LAsso,) at the approximate solution . The duality
gap at T, provides a bound on the difference between ¢(\) and ¢(\). If we additionally assume

that A has full rank (so that the smallest singular value is positive), we can also use J, to provide a
bound on the difference between u, and ji,. From Theorem 2.1(b) and from (14)—(15),

P(A) — (X)) <0y and [¢'(A) — ¢'(A)] <76, (16)

for some positive constant -y that is inversely proportional to the smallest singular value of A and is
independent of \.

2.3.2 Local convergence rate

The following theorem establishes the local convergence rate of an inexact Newton method for (4)
where ¢ and ¢’ are known only approximately.

Theorem 2.2. Suppose A has full rank, o € (0, ||b||), and that §* := §xx — 0. Then if \° is close
enough to \*, the iteration (12), with ¢ and ¢' replaced by ¢ and @', generates a sequence \¥ — \*
that satisfies

INFFE— X = 088+ AR = N

where n* — 0 and ~, is a positive constant.



Proof. Because ¢(A\*) = o € (0, ||b]|5), equation (11) implies that A* € (0, Agp). By Theorem 2.1
we have that ¢ () is continuously differentiable for all X close enough to A*, so, by Taylor’s theorem,

p(N\F) — o = /O @' (N 4 a[\F = N*]) da (AF — \7)

1
= OO =X+ [ [FO =X - ¢ )] da (3 - )
0
= ¢ ()N =A%) + w(WF, 09,
where the remainder w satisfies
WOAF A /I =X =0 as A=\ —0. (17)

By (16), and because (13) holds for A = \*, there exist positive constants ; and ~, independent of
¥ such that _
S —o (V) — o

(b/ )\k - &/(Ak) S ’Yldk and |¢/(Ak)|71 < 72'

Then,
IAFFL X = INF AT 4 ANF
_ 7(5(>‘k) -0 1 ky k oy
- ‘ T T aom PN me e A ”‘
cb M) =a  o(\) =0
@' (NF) @' (AF)
= 716" 4+ Yo lw(AF, A)]
=18" +nF|AF — A%,

‘w(/\k,/\*)
¢'(AF)

where 0¥ 1= yo|w(AF, \*)|/|A\F — \*|. With \* sufficiently close to \*, (17) implies that n* < 1.
Recursively apply the above inequality ¢ > 1 times to obtain

4
NEFE O] <o S0 ) O () — ),

i=1

and because §* — 0 and 7]’“ < 1, it follows that \¥T¢ — y* as £ — oo. Hence M \* as
required. By again applying (17), we have that n* — 0. O

Note that if (LASs0}) is solved exactly at each iteration so that §% = 0, then Theorem 2.2 shows that
the convergence rate is superlinear, as we expect. In effect, the convergence rate of the algorithm
depends on the rate at which §* — 0.

3 Spectral gradient projection for the LASSO subproblem

The SPG procedure that we use for solving the subproblem (LAss0)) is based on [3, Algorithm 2.1].
Each iteration of the algorithm computes the objective gradient of (LAsso,)—requiring a matrix-
vector product with A and A”—and performs a linesearch along the projected gradient direction.
Normally, a subsequent projection is needed to evaluate the optimality of the current iterate, but we
save one projection step by instead using the duality gap to test optimality.

A core component of the SPG method is the ability to efficiently solve the problem
minimize |jc —p|, subjectto |p|l; < A, (18)
p
which gives the orthogonal projection of an n-vector ¢ onto a one-norm ball of radius A. In this
section we give an O(n + klog n) algorithm, where k is the number of nonzeros in c.

We assume, without loss of generality, that the entries of ¢ are nonnegative. If they are not, we then
recast the objective as || D(c — p)||,, where D = diag (sign(c)). The true solution is recovered by
again applying D.



Our algorithm for solving (18) is motivated as follows. We begin with the trial solution p «— c.
If this is feasible for (18), we exit immediately with p* = c. Otherwise, we decrease the norm of
p by v := ||c||; — A, at the expense of increasing the objective. Therefore, we must find a vector
d such that ||p — d||; = A, and in order to minimize the effect on the objective, choose d so that
llc = (p — d)||2 = ||d]||5 is minimal. Therefore, d must solve the problem

mini;nize lld|l, subjectto d >0, ||d||; =, (19)
which has necessary and sufficient optimality conditions d = ~ye, eTd = v, and ~ > 0, for some ~.

Premultiplying the first condition by e? and using the second condition, we see that v = v/n. The
solution of (19) is then d* = (v/n)e.

Algorithm 1: Projection Howeyer, we canpot F:xit with p «— c—d* if some of these entries are
onto the set {z | [|z]|; < A} negative (the projection must preserve the sign pattern of c). ".Fhere—
fore, if each d} < cpin := min; ¢;, we set p* < ¢ — d* and exit with
the solution of (18). Otherwise, we enforce

Input: ¢, A Output: p
if [|c[|; < X then return ¢

;: Q;LZH%a; chA pi=0 forall i€Z:={i|df> cmn},

for j — Oton do and recursively repeat the procedure described above for the remain-
Pmax — p[1] ing variables {1,...,n}\Z.
V<—Vv +pmax
p < DeleteMax (p) Algorithm 1 formally describes this approach, and is based upon a
a—v/j binomial heap structure in which the first element is the largest ele-
if @ > pmax thenbreak  ment in absolute value. The cost of BuildHeap is O(n), whereas
T a that of DeleteMax, which extracts the maximal element from the

p < SoftThreshold(c, 7)

return p heap and restores the heap property, is O(logn). The final step is to

apply the soft-threshold operation Soft Threshold:

pi — ¢; —sign(e;)T if || > 7T, or p; — 0 otherwise, i=1,...,n.

The overall projection algorithm is therefore O(n + klogn). Note that we can interpret orthogonal
projection onto the one-norm ball as the problem of finding a suitable soft-threshold value 7.

4 Numerical experiments

We implement our algorithm in a Matlab package named SPGL1. For the numerical experiments
shown in Figs. 1(b)—(d), we generate a matrix A and vector b as described in [12] and consider sep-
arate experiments for (LAss0,) and for (BP,). For (Lasso)), we compare SPGLI against SparseLab
[10], soft-thresholding [7], Homotopy [15], and GPSR [12]; see Fig.1(b). SPGLI1 outperforms the
other methods for large ~ in (2), and is only marginally slower than GPSR for lower values. For
(BP,), we compare SPGL1 against SeDuMi [17] and SparseLab. To analyze performance and scal-
ability on (BP,), we fix o and n = 4m, and vary m. SeDuMi, being general purpose, is slowest.
SparseLab outperforms SPGL1 on smaller problems but does not scale as effectively. To compare
these two solvers, we need knowledge of the optimal dual solution y,, as computed by SPGLI.

5 Looking ahead

The efficiency of our root-finding algorithm ultimately depends on the efficiency with which the
subproblems (LAss0)) can be solved. Although the SPG algorithm outlined in §3 performs well
in our tests, there may be room for improvement by applying a Newton-type method. Such an
approach opens the door to preconditioning strategies that are not available in the SPG algorithm.
Our main motivation for proposing this algorithm is its usefulness for inpainting applications in
seismic imaging in geophysics, where the problem sizes easily stretch into millions of variables.
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