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Abstract—The Binary Iterative Hard Thresholding
(BIHT) algorithm is a popular reconstruction method for
one-bit compressed sensing due to its simplicity and fast
empirical convergence. Despite considerable research on
this algorithm, a theoretical understanding of the corre-
sponding approximation error and convergence rate still
remains an open problem.

This paper shows that the normalized version of BIHT
(NBIHT) achieves an approximation error rate optimal
up to logarithmic factors. More precisely, using m one-
bit measurements of an s-sparse vector x, we prove that
the approximation error of NBIHT is of order O (%) up
to logarithmic factors, which matches the information-
theoretic lower bound Q(%) proved by Jacques, Laska,
Boufounos, and Baraniuk in 2013. To our knowledge, this
is the first theoretical analysis of a BIHT-type algorithm
that explains the optimal rate of error decay empirically
observed in the literature. This also makes NBIHT the
first provable computationally-efficient one-bit compressed
sensing algorithm that breaks the inverse square-root error

decay rate O (ﬁ) .

Index Terms—One-bit compressed sensing, iterative re-
constructions, binary iterative hard thresholding, optimal
reconstruction error decay, quantization, sparse signals.
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OMPRESSED sensing is an efficient signal ac-

quisition and recovery paradigm that has received
considerable attention from both researchers and prac-
titioners. This novel paradigm has led to satisfactory
solutions to many interesting problems in modern signal
processing and machine learning that were once con-
sidered to be intractable by traditional approaches. In
the most basic setup of compressed sensing, one aims
to recover an unknown s-sparse signal x € RV, ie., a
vector with at most s nonzero entries, from its linear
measurements Ax where A is a known m x N matrix with
m<N.

For measurement matrices with certain conditions,
e.g., the restricted isometry property (RIP), which is
satisfied for a large class of matrices including Gaussian
random matrices (random matrices whose entries are
ii.d. standard Gaussian random variables), the typi-
cal results in compressed sensing guarantee that signal
recovery is possible if the number of measurements
m 2 slog(2N/s) [1], [2].

On the other hand, the digital nature of modern
computing requires quantizing measurements to store
and process them. The discrete nature of quantization
presents exciting challenges in efficient signal recovery.
One of the central challenges in this area is quantized
compressed sensing, the problem of recovering a sparse
vector from its quantized measurements Q(Ax) where
0(-) is a quantizer that maps vectors in R™ to elements
of a finite set. There are two main approaches to quan-
tization in the setting of compressed sensing.

The first approach is to use noise-shaping quantiz-
ers which aim to design vector quantizers such that
the quantization error in the measurement space lies
in directions away from the set of all possible un-
quantized measurements. Thus, the quantization error
can be mostly filtered out. Examples of noise-shaping
quantizers in compressed sensing, which can be one-bit
or multi-bit per measurement include XA quantization
(31, [4], B-condensation [3], [[6]], and adaptive quatization
[7]. These quantizers can reach approximation error
rates that decay exponentially in m directly [8]] or after
additional encoding [9]]. This near-optimal compression
rate, however, comes at the expense of introducing
memory components or sophisticated subroutine [7]] in
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the feedback quantization (encoding) process — often
not desired or sometimes not practical.

The second approach to quantization is memoryless
scalar quantization (MSQ), which quantizes each mea-
surement separately. In other words, the quantizer Q acts
on Ax elementwise, so it can be implemented without the
need for analog memory. Because of its non-adaptive
nature in the encoding process, MSQ is more suitable
to parallel or distributed-computing environments. One
important case of quantized compressed sensing is when
the quantizer only has two levels, i.e., it is one-bit.
One-bit quantizers are easily implementable in hardware
because of their simplicity, low-storage requirements,
and robustness to scaling errors.

Boufounos and Baraniuk [[10] first introduced one-bit
compressed sensing. The goal is to recover an s-sparse
signal x from its signed linear measurements, that is,
from b = sign(Ax) for a Gaussian random matrix A.
Here sign(-) is applied elementwise on Ax where the
scalar function sign(w) is equal to 1 if w > 0 and —1
otherwise. This is a quantized compressed sensing prob-
lem where the sign(-) function is the one-bit memoryless
scalar quantizer. Because one-bit measurements sign(Ax)
are scale invariant, one cannot recover the magnitude
of x. Consequently, in the one-bit compressed sensing
problem, we may assume without loss of generality that
X is a unit vector and restrict the signal set of interest to
sparse vectors on the unit sphere.

Another motivation for one-bit compressed sensing is
the sparse binary response model which aims to recover
a sparse signal x from binary observations sign(Ax+ €),
where € is a noise vector [11]-[14]. Note that in these
applications, we do not have access to Ax but only
1 (sign(Ax+€)+1), its binary labels, which excludes the
vector quantization idea. Here, the notation 1 indicates
a vector of all-ones. Interestingly, the noiseless setting
(¢ = 0), which is identical to the one-bit compressed
sensing model, has been thought difficult to analyze
since a certain amount of noise is required to make the
traditional maximum likelihood analysis feasible [12],
[13]. Our theory provides a near-optimal theoretical
guarantee in the number of observations in this case.

Jacques et al. [15] proposed binary iterative hard
thresholding (BIHT) as a reconstruction method for one-
bit compressed sensing, which is our main subject of
study. BIHT and its variants are state-of-the-art re-
construction algorithms for one-bit compressed sensing
because of their low computational cost and superior
empirical recovery accuracy in low-noise or noiseless
settings [15]-[17]. Formally, BIHT is a subgradient
method coupled with hard thresolding to the set of s-
sprase vectors to solve the following nonconvex opti-
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mization problem [[15], [[17]:

min ||Az||; — (b,Az) subjectto |z]jo <s, ||z]]2=1.
Z€RN

ey

Other BIHT-type algorithms includes normalized
BIHT (NBIHT), which features an addtional nonconvex
projection step onto the unit sphere and the hinge loss
function BIHT which replaces the objective in with
the hinge-loss function [[15]].

There are various aspects in the formulation (T)) that
make the convergence analysis of the BIHT challenging.
First, the two constraints in () are nonconvex, so BIHT-
type algorithms perform a nonconvex projection after
the gradient step. Moreover, the objective function is
not strictly convex and is not differentiable. As a conse-
quence, the subgradients in BIHT-type algorithms have
discontinuities, so traditional approaches based on the
RIP are not directly applicable.

However, thanks to the randomness of measurement
matrix A, we can use a multicale analysis to show that
NBIHT converges to within a small radius of x. At large
scales, i.e., for z far from the ground truth x, an RIP-
type property holds. As z approaches x, the RIP constants
become larger until the near isometry breaks down when
z gets within the radius of the approximation error. This
allows us to show that the iterates of NBIHT contract
until they land within the radius of approximation error.
We call this multiscale RIP-type guarantee the restricted
approximate invertibility condition (RAIC), and believe
it may be useful in other problems involving binary
measurements. This forms the foundation of our analysis
for NBIHT.

Our main result shows that the NBIHT iterates x; obey
the bound

(slog(N/s))""? (logm)"?
1 (5 )WZSJ—I

ml_f 6

[ —xlla <C

for some absolute constants C > 0 with probability at
least 1 — O #

To the best of our knowledge, there is no previous
theoretical analysis for NBIHT despite much numerical
evidence. There are some results on the convergence of
BIHT (unnormalized), including [11]], [16], [18]], which
showed that the first iteration of BIHT achieves an
approximation error of order of 7”:%/(?’/S). Theorem
V.1 in [[17]] states that the iterates of BIHT remain
bounded after the first iteration and maintain the same
order of accuracy for the rest of iterations. This analysis,
however, does not imply that the approximation error
may decrease after the first iteration. In contrast, our

results show that the approximation error of NBIHT
(slog(N/s))"/?(logm)'?

decays as pm after sufficient iterates. On
the other hand, Theorem 1 in [15] says that any one-bit

ecember 12,2021 at 19:55:14 UTC from IEEE



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/T1T.2021.3124598, IEEE

0018-9448 (c) 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE Bermission. See httB://www.ieeeorg/%ublicationsﬁstandards/ ublications/ri; htls/inde)ﬁhtml for more inf(I)rmation.
plore. Restrictions apply.

Authorized licensed use limited to: The University of British Columbia Library.

Transactions on Information Theory

FRIEDLANDER et al.: NBIHT: AN EFFICIENT ALGORITHM FOR 1-BIT COMPRESSED SENSING WITH OPTIMAL ERROR DECAY RATE 3

compressed sensing recovery algorithms should exhibit
error rate of at least order of .

Since the lower bound of any reconstruction algorithm
error is Q(1/m) by that theorem, we give the first optimal
dependence on m by a BIHT-type algorithm, and to
our knowledge, the first provable polynomial-time one-
bit compressed sensing algorithm achieving the optimal
dependence. Furthermore, the error bound only depends
poly-logarithmically on the ambient dimension, N, as is
expected in the compressed sensing setup. We believe
that the dependence on s and logarithmic factors can be
improved and we conjecture that the linear dependence
on s of the lower bound is achievable by NBIHT.

Lastly, we make a distinction between uniform
and nonuniform recovery guarantees in compressed sens-
ing. A nonuniform recovery problem considers the set-
ting that aims to recover a fixed but unknown sparse
vector using a random draw of the measurement matrix.
On the other hand, in a uniform recovery problem, a
set of sparse vectors are recovered using a same ran-
dom matrix. In the development of compressed sensing,
theoretical results for the nonuniform setting have often
been a precursor to the uniform recovery guarantees.
This includes many recent works in standard compressed
sensing and a few in 1-bit compressed sensing, notably
Theorem 2 in [15]. Our theory is nonuniform, partly
because the theoretical guarantees for the approximation
error of the first iteration of BIHT are nonuniform [[11]].
We leave extending our theory to the uniform recovery
setting as a future research topic.

A. Related Literature

There is a vast literature about quantized compressed
sensing, e.g., see [6], [16], [19]. As for one-bit com-
pressed sensing, Plan and Vershynin [20], [21]] have pro-
posed recovery algorithms based on convex programs.
These are computationally efficient and also cover more
general classes of signals, but their recovery accuracy

is only guaranteed of order %. Knudson et
al. [22] studied one-bit compressed sensing when the
observations are one-bit measurements with dither, i.e.,
b =sign(Ax+ €) where € is a dither noise. This allows
recovery of the magnitude of x under certain conditions,
but their measurement model is different from ours
and the recovery guarantee is still at most of order
slog(N/s)

m
In the overcomplete settting (m > N) without as-
suming sparsity of the signal, consistent reconstruction
methods produce a signal w whose memoryless scalar
quantized measurements Q(Aw) agree with those of the
ground truth x. Such methods can be implemented, for
example, using linear programming with constraints that
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enforces the condition Q(Aw) = Q(Ax). These meth-
ods offers recovery error decay of order % Further
considerations of computational efficiency have led to
iterative signal recovery methods such as the Rangan-
Goyal algorithm [23|] or frame permutation quantiza-
tion [24]] in which only one quantized measurement
is enforced at each iteration. But their approximation
error is still of order % [23]-125)), which would not
provide a meaningful recovery when N 2 m (the typical
compressed sensing setting); Because these algorithms
are not specially designed to take into account sparsity,
they assume the overcomplete setting and their error
dependency on the signal dimension is O(N), whereas
ours is only O(log’/?N).

B. Notation

Throughout this paper, we use the standard notation
for Big-O and Big-Omega: If f(n) = O(g(n)), there
exists a positive constant C > 0 such that | f(n)| < C|g(n)]
when 7 is sufficiently large, and if f(n) = Q(g(n)), there
exists a positive constant C > 0 such that | f(n)| > C|g(n)|
for sufficiently large n.

We denote the unit sphere and the Euclidean unit ball
in RY respectively by S¥~! and BY. The Euclidean ball
centered at z with radius r is denoted by B(z,r). The set
of all s-sparse vectors in R" is denoted by K. We write
T; for the hard thresholding operator onto K that keeps
the s-largest magnitude elements of a vector and zeros
out the rest of its entries. As usual, .#°(0,1) denotes
the standard Gaussian distribution and .#"(0,Iy) denotes
the N-dimensional standard Gaussian distribution. We
assume that the measurement vectors a; or the rows of
A are the standard Gaussian random vectors in RV, As
for norms, |- || and || - ||» denote the ¢, norm for a vector,
and || -||; is the £; norm. All other norms will be defined
in later sections.

Given two sets A,B C RY, A+ B is the Minkowski
sum of A and B, i.e., A+ B={v+w|v€A,w € B}. The

normalized geodesic distance between two vectors x and
arccos (x,y)

yis dg(x,y) := =

II. GLOBAL CONVERGENCE OF NORMALIZED BIHT
A. The normalized BIHT algorithm

We briefly describe the normalized binary iterative
hard-thresholding (NBIHT) algorithm. The description
of the NBIHT algorithm [[15] is given in Algorithm

An important property of NBIHT is that z; is an
unbiased estimator of x for = /7/2 (this is true for any
initialization x( that does not depend on A). This follows
from Proposition which states that for any fixed unit
vectory € RV, /2R {%ATsign (Ay)} =1y. This shows that
it is indeed unbiased, i.e., [Ez; = x. Further iterations are
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Algorithm 1 Normalized BIHT

Inputs: m x N matrix A, measurements b = sign(Ax),

sparsity level s, step size T

Initialize: Pick an xo with ||x|| = I and sparsity level

s.

Iterate: Repeat until a stopping criteria on x; is met
Compute z;. |

T . .
Tt =X+ %AT(Slgn(Ax) — sign(Axy))

Project to s-sparse vector sets

T := Ty(2x41)

Normalize

X1 2= Xt /| [Kaep ||

Outputs: The s-sparse approximate solution to

sign(Ax) = b.

no longer unbiased estimators of x. Typically, analyses
in this scenario proceed by giving uniform deviations
from expectation over the whole set of values that the
iterations can take (e.g., RIP). However, due to the
discontinuity of the sign function, uniform bounds on
the deviation (which scale according to the distance to
x) are impossible. Instead, we give a multiscale approach
that shows uniform deviations over a sequence of annuli
of decreasing radii. See Section [[II] for further details.

B. Main global convergence theorem

We are now ready to state our main theorem for the
convergence of the NBIHT algorithm.

Theorem 1. Let x be an s-sparse unit vector in RV,
Assume that each entry of the measurement matrix A €
R™N is drawn i.id. from A (0,1). Then, there exist
positive universal constants c,C such that the iterates of
NBIHT x, with step size T=+/%/2 satisfy

(s1og(N/s))""*(log )
(-3

for all m>max{c-s'""1og!®(N/s),24*8} with probability

at least 1 — O (#)

[ —x[l2 <C

Proof. See Theorem [25] and its proof. O

By letting the iteration number k — oo, Theorem [I]
imples the following Corollary about the approximation
error of NBIHT.

Corollary 2. Under the same assumptions in Theorem
the NBIHT iterates x; converge to x up to approximation
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(slog(V/ S)Z/z(logm)lz with probability at least 1 —

o (#) provided m > max{c-s'%1og!%(N/s),24*%}.

error C

Remark 1. Jacques et.al. [|I15|] provided a lower bound
on the best achievable reconstruction error from one-
bit (sign) measurements. Specifically, Theorem 1 in [|15|]
shows that the approximation error decay rate cannot
be faster than Q(--) no matter what algorithm we use
as long as m = Q(s3/?). Thus, Corollary 2| reveals
that the NBIHT algorithm achieves the best possible
approximation error decay rate in m.

Remark 2. The number of measurements required by
Theorem (I| and Corollary [2| to achieve the optimal error
decay rate is substantially large, in part because we have
focused on proving the optimal error decay rate rather
than optimizing the constant.

III. MULTISCALE ANALYSIS BASED ON RESTRICTED
APPROXIMATE INVERTIBILITY CONDITION

This section illustrates the idea behind the proof of
our main convergence result. First, we introduce the dual
norm which is used in the rest of the paper.

Definition 3. Let G be a symmetric subset in RY. The
dual norm of G is given by

xeRVN.

Go :=sup (x,u),
ueG

We also denote (G—G)NdBY by G,. Moreover, when
G is a cone, we see that ||x||ge =t||x||go for any t > 0.

%]

Recall that in standard compressed sensing, one
wishes to reconstruct an s-sparse vector x from its linear
measurements Ax. There are numerous algorithms avail-
able for this problem, including iterative hard threshold-
ing (IHT), which is commonly used due to its simplicity
and computational efficiency. We present IHT in Algo-
rithm [2| because it has motivated BIHT-type algorithms
and because our NBIHT convergence proof hinges, in
part, on the analysis of IHT.

The proofs for the linear convergence of IHT typically
start by showing ||zx+1 — x|l2 < ¢|lxx — x||2 for some
0 < ¢ < 1. Since we want to convey the idea, let us
assume ¢ = §, ie., we have [[zerr — x| < &[lx —x|2.
Then, a standard argument implies a contraction in-
equality [xe1 — x> < [|xk — x[|2 which leads to the
linear convergence of IHT. To prove the inequality
llzk+1 —x]l2 < § [l — x[|2, define A := —=A, which sat-
isfies the RIP with high probability for sufficiently large
m [1]. Since zy1 —x = LAT(Ax — Ax) — (x —x¢) =
AT (Ax — Axy) — (x — xz), it is evident that controlling
the term AT (Ax — Ax;) — (x —x;) plays a critical role
in the convergence analysis. This term is controlled with
the RIP which implies that ATA acts as approximately
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Algorithm 2 THT
Inputs: m x N standard Gaussian random matrix A,
measurements b = Ax, sparsity level s
Initialize: Pick a xo with sparsity level s.
Iterate: Repeat until a stopping criteria on x; is met
Compute z;

1
Zk+1 ‘= Xk + %AT (Ax —Axy)

Project to s-sparse vector sets

Xk41 = Ts(2k+1)

Outputs: The approximate s-sparse solution to Ax =
b.

the identity when restricted to sparse vectors. The RIP
is equivalent to the following equation [1]], which will
naturally connect to the RAIC:

1
sup —~AT(Ax—Ay)—(x—y)
yek || m K7
:supHAT(Ax—Ay)—(x—yﬂ ke
yeK 1
< ey
—|lx—=vl|>.
=3 Y2

This is the key inequality in the proof for the linear
convergence of THT.

Unfortunately, due to the discontinuity of sign(A-),
the measurement operator in one-bit compressed sensing
does not have such handy properties; Two arbitrarily
close vectors can be mapped to points which are “far”
under the operator sign(A-). However, it turns out that
the randomness of sign(A-) still allows us to derive a
“restricted approximate invertibility condition (RAIC)”
that makes it possible to replace the RIP to facilitate
the analysis and we think it is interesting on its own.
Informally, the RAIC is similar to RIP but holds only
on an annulus at x (riy; < [|x—y||2 < r;) with a small
additive error. More precisely, the RAIC with the asso-
ciated parameters r; and ;1| holds if

| = A7 sign(ax) —sign(4y)) ~ (v~ )|

sup
yeknsV-1
rip1<|=yl2<r

K7

1 3
< *||x—}’||2+%’”i+1~

L . . .
Here, {r;};_, is a finite decreasing sequence of

n Vslog(V/s)+vTogm

ml/2
o , whose exact specification will be
given later. It is well-known that the first iteration of
the NBIHT, say xj, satisfies ||x; —x|| < r; with high
probability.

real numbers with r; and rp <

(slog(N/s))7/2(logm)!2
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Then, the rest of analysis is based on a contraction-
type inequality for the approximation error (up to a small
additive term) that is obtained by applying the RAIC
with the current error scale. For example, if the k-th
NBIHT iterate, x;, satisfies ri1; < |[|x —xi||2 < r; for
some 1 <i <L, then we apply the RAIC with parameters
r; and riy 1. Repeated applications of the RAIC combined
with an elementary argument imply that x; converges to
x until it reaches the approximation error scale ry. Lastly,
once x; reaches the error scale r;, we show that the rest
of the NIBHT iterates stay close to x with the same error
scale as ry.

IV. OUTLINE OF THE PROOF OF MAIN TECHNICAL
RESULTS

In this section, we present the proof outline of the
main technical results including the RAIC.

A. Sketch of the proof of our main convergence result
based on the RAIC

1) Let K be the set of s-sparse vectors. First, from
the gradient step iteration for the NBIHT, z;; =
xe+ AT (sign(Ax) —sign(Axi)). Using a standard
argument for the projections to KNSY~!, we will

see that
llxk1 —x[2 )
T
<4 H — - AT (sign(Ax) — sign(Axg)) — (x —xz) H .
m Ky
2) Let L be the largest positive integer sat-

isfying mo@)" > 24, Such L always ex-
ists from the assumption m > 24* = 2440(2).
Suppose i is a postive integer less than
L. We define a sequence of sets, KW =
{y |y is an s-sparse unit vector, riy; < ||y —x|| <
ri} where {r;} is a decreasing sequence of real
numbers satisfying

1(5

r<m (™) (logm) 9 (slog(V/5)).

By the choice of L and the sequence {r}, it
(slog(N/s))7/?(logm)'2

turns out that rp < p . The exact
specifications of r; will be given in Section
3) The RAIC says that for all y € K(’),

H % -AT (sign(Ax) — sign(Ay)) — (x —y)‘

Ky
3
_mHX—yHZ‘F%"HI 3
with high probability. This bound and @) imply
that
[[xe+1 —xl2 < ey [l — xkl[2 + 25"+
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for all x; with rip) < |jx—xil| < ri.
15 Syi
Since m#(8)" > 24 and i < L, m#(8)" > 24. Thus,

1 6
k1 —xll2 < 5 [l — xl2+ g"#b

Note that %ka —xll2 + %”H-l < 3+ %r:‘ < ri,
80 ||xx+1 — x||2 < ;. Then, a simple induction
argument yields the following: for any ¢ > 1,
either there exists p with 1 < p <t such that
[[Xk4-p = x[| < rigr or

1\ 12
s+l < (3 ) e=slt g

with high probability.

From the relation between r; and r;+1, and the
previous inequality, one can easily show that
[|Xk4p —x|| < rigq for some p with 1 < p <25.In
other words, 25 iterations are enough for the BIHT
iterates to reach the next level K(t!). Repeating
this argument yields that x; approaches x until
it reaches the level set K&, guaranteeing the
approximation error ~ rz, up to some logarithmic
factors. This is the main idea of Theorem [I]

b

IEEE TRANS. ON INFORMATION THEORY

The first step of our proof is the orthogonal
decomposition of a Gaussian random vector into
three components along the directions of x — xy,
Xx+x; and their orthogonal complement to facilitate
the analysis. More precisely, given a unit vector
v, consider the following decomposition of each
measurement vectors a;:

o) s
a={a,
N =yl Hle= i

x+y > x+y
+ a" +b(x,y)’
<llh+ﬂllh+ﬂ| '

where b;(x,y) is the component of «; orthogonal
to x—y and x+y. This decomposition allows us to
decouple the right hand side of (@) into three parts,
each of which has a similar structure. As will be
made more precise in later sections, the analysis
of each part essentially boils down to controlling
the following form of a sum

~ Y.l ) ~ sign(fay))g(ar)

— Ty [(sign((a, x)) —sign({a,y)))g(a,y)]  (4)

for all s-sparse unit vectors y. Here g is a
jointly 1-Lipschitz continuous function bounded

by C(+1/slog(2N/s)++/logm) for some fixed con-

stant C > 1. For the sake of illustration, we further
assume E, [(sign({(a,x)) —sign({(a,y)))g(a,y)] =0
for all unit vector y.

2) We are now ready to present the idea on how to

B. Sketch of the proof of the RAIC

It remains to present the idea of the proof the RAIC,
which turns out to be the main challenge in our approach.
Here are the key ingredients of the proof.

« Local Binary Embedding (LBE) [26]: The LBE is

a refined version of the Binary e-Stable Embedding
(BeSE) by Jacques et.al. [15]. The BESE states that
the distance of any two s-sparse unit vectors is close
to the normalized Hamming distance of their one-
bit measurements up to additive error €. It is also
proved that the BeSE holds for an m x N Gaussian
random measurement matrix with € of order of
v/s/M with high probability, but we were not able
to apply BeSE to achieve our decay rate essentially

because \1/; > ﬁ

On the other hand, although the LBE resembles the
BeSE, the key difference is that its additive error in
the embedding becomes smaller as two vectors are
sufficiently close to each other. In other words, we
have more accurate control of the additive error if
one vector belongs to a small neighborhood of the
other.

The standard €-net argument is used for a uniform
approximation of Lipschitz continuous parts in our
analysis, whereas the LBE is applied to the discon-
tinuous part involving the sign(-) operation.

We also use a concentration argument based on the
bounded Bernstein’s inequality in several places.
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control the sum @) by giving strings of inequalities
with technical details followed by justifications.
First, let A} be an €-net of K with £ := §;
which will be defined in Section E So, for any
y € KW, there exists § € A with ||y —9|l» < 8.
Then,

[(sign((ai, x)) —sign({ai,y)))g(ai,y)

Ia
™=

2 ;iml [(sign({ai,x)) —sign({as,y))g(a:,y)]
_ ;):1 [(sign({a;,x)) — sign({a:,9)))g(ar,y)]
4 ;i[(sign«ai,xw —sign((a;,$)))8(ai.y)
© ° f Isign({ai,)) — sign({a;,$))| |g(ar,)]
" ;§<sign(<ai,x>) —sign((a:,9)))g(a1,)

(iif)

< 2C7-(y/slog(2N/s) + /logm)logm - §;

%ublicationsfstandards/ ublications/rights/index.html for more information.
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T, . . R tools and this section provides them before the proof
+|— ) (sign((a,x)) —sign((a:,9)))g(ai.y)
m = appears.

4

(iv)
< 2Ct-(\/s1og(2N/s) +/logm)logm - §;

2§ s sen( )

x |g(ai,y) — g(ai,y)|

o

Il
-

(sign({ai,x)) —sign((a;, 9)))g(a:,3)

Sla

)
< 4Ct-(\/s10g(2N/s) + \/logm)logm - §;
T
Jr

(ngE

- L (sign({ai, x) —sign({a;, 5)))g (i, )

Il
—_

(vi)
< 4Ct-(\/s1og(2N/s) +/logm)logm - §;

2 A 1
=Sl s

m%(%)’ Oori-‘rl

(v<ii) 2 H 5l + 47
= m%(%)' X y 2 600rl+1
2 [[x—=yll2+2[ly =9Il + i
T e e
¢ [[x = yll2 + >

-{|lx — ——Fit].
>~ m%(%)l Yil2 200 i+1

Here are justifications for the above chain of
inequalities: (i), (ii), (iv), and (viii) follow from
the triangle inequality. (iii) is due to the local
binary embedding, the €-net .#;(), and the fact
that g is bounded by C(/slog(2N/s)+ /logm).
For (v), we used a standard €-net argument since
g is 1-Lipschitz. Next, (vi) follows from the Bern-
stein’s inequality for mean-zero bounded random
variables. This step is important since we ex-
ploit the cancellation of terms in the sum based
on a concentration inequality. Simple arguments
without considering the cancellation effect in the
sum would yield C(+/slog(2N/s) ++/logm)logm-
ri+1 > Fi+1, which is not good enough to show the
RAIC used in (3). Lastly, (vii) and (ix) are from
the relation between &; and r; 1.

V. TOWARD THE PROOF OF NBIHT CONVERGENCE

Several previous works in one-bit compressed sensing
are based on the binary stable embedding property
(BSE) type of inequalities [15]], [[18]], [21]. Although this
property is interesting on its own, it is not as strong as the
RIP in the standard compressed sensing when we have
full linear measurements for sparse signals, so we were
not able to use the BSE to achieve our goal. Instead, our
proof for the main theorem relies on various different
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We begin with the following proposition relating the
approximation error of NBIHT iterates x; to Ty(zx) in
Algorithm

Proposition 4. If T is the hard thresholding operator
and xi = Ts(z) /| Ts(z )|, then

(e = xll2 < 175 (2i) —xill2 + 1T (2x) = ]l2
<2||Ts(zk) — x]l2-

&)

Proof. The first inequality is by the triangle inequality.
The second inequality follows from the facts that ||x|| =
lxk]] = 1 and x; is the closest point on the unit sphere
to Ty(zk)- O

A. The first iteration of normalized BIHT

The first iteration of the BIHT is investigated by
several authors [11], [[18]. In particular, Proposition 1
and 2 of Jacques et al. [18] state that ||Ty(z;) —x|| =

o [ VeloeW/s)tvioam ) iy hish probability. The fol-

ml/Z
lowing statement makes this precise.

Proposition 5. Let A be a m X N Gaussian random
matrix. Then, there exists constant ¢ > 1 such that

1 \/slog(N/s) +vIogm

2 ml/2

1T5(z1) —x|| <

N md

with probability at least 1 —¢ ((1)55 . i)
Propositions [4] and [5 together imply that
slog(N/s) 4+ +/logm

mi/2

[ —x[| < (6)
with probability at least 1—E<(1‘V‘)5S-#). Also note
that x| is a unit s-sparse vector since it is an iterate of
NBIHT.

B. Metric projection

In this section, we introduce the notion of the re-
stricted approximate invertibility condition (RAIC) and
its connection to the approximation error |jx; —x||. We
start with the definition of Gaussian width of a set.

Definition 6. The Gaussian width of a set G € RV is
defined by
w(G) := Esup (h,u)

ueG

where h ~ A (0,1y). Note that w(G) = E||h||ce.

The following Corollary 8.3. in [I1] allows us to
control [|xg41 — x]2.
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Corollary 7. Let P; be the orthogonal projection on a
star-shaped set G. Then, for z € G, we have

2
|Pc(w) —z||» < max (t,tHW—ZHG;’) for any t > 0.

Since T; is the hard thresholding operator to the s-
sparse vectors, by Corollary [/ we have

2
ITCatsr) =l < max (1,7 s — vl

2
< max (7, = 1 zksr — x|k
< 2||ze+1 —x”Kfa

where the second inequality follows from the fact that
K is a symmetric cone and the third one is by taking
=221 — k-

Hence, combining the above inequality, Proposition [4]
and g4 1 =X+ = - AT (sign(Ax) — sign(Axy)) yields

[[xkt1 —x]|2

<4||= A (sign(Av) —sign(ax) — (x—x) | . (D)

1
Remark 3. Note that if we had linear measurements
of x, not the one-bit measurements, the restricted isom-
etry property (RIP) would be sufficient to establish a
contraction, that is, ||xx+1 —x||2 < pljxx — x||2 for some
0 < p < 1. Indeed, the 8-RIP for matrix ﬁA in can
be recasted as

1
max —AT|SA|S—I = &
SC[N],card(S)<2s ||m 240
which implies that
1
HAme—Aw—xx—w < &l |x—yll2
m K

for all s-sparse vectors x and y (See [|I|] for more details).

Hence, if we had ||%AT(Ax7Axk) — (x—x¢)|
stead of || Z - AT (sign(Ax) — sign(Axy)) — (x —xy) | K in
the right hand side of (1), the RIP would give a
contraction for sufficiently small 8, which leads to a
linear convergence.

in-
Ky

Unfortunately, because of a severe discontinuity of the
operator sign(A-), we don’t have the RIP. However we
will show that the following property still holds, which
provides “local approximate version of RIP”.

Definition 8 (Restricted Approximate Invertibility
Condition).

We say that the matrix M  satisfies the
(v, 825, Mas, Fip, Fup )-Testricted  approximate  invertibility
condition (RAIC) at x (the ground truth s-sparse unit

ownloaded on
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vector) if the following inequality holds for all s-sparse
unit vectors 'y with rip < ||[x—y|l2 < rup,

[|v- M (sign(Mx) — sign(My)) — (x—y)|
S 525\|X—y||2+112s-

Note that the RAIC is similar to the RIP except it
holds for a certain region at x with an additive error
M2s. As will be more clear in Proposition @ we have
the RAIC for the matrix A with high probability within
certain regions around x. At this point, one would notice
that the RAIC can be applied to under appropriate
conditions.

Ky

C. Orthogonal decomposition of measurement vectors

We will use the following orthogonal decomposition
of Gaussian measurement vectors a;, which is inspired
by the decomposition technique in Plan et. al [11]], as the
first step in the proof of Theorem [I| in the next section.

Lemma 9. Suppose that a;’s are the standard Gaussian
random vectors. Let x, y be unit vectors in RN, Since
x—y and x+y are orthogonal to each other, then we
have

(=) s
ai =\ 4ai,
x =yl / llx =l
x+y > x+y
+ [ P ra— 7+b(x7y)
<1|M+ﬂllh+ﬂ| '

where bi(x,y) is the component of a; orthogonal to x —y
and x+y.

Proof. Since x,y are unit vectors, one can easily check
-y —) +y Xty
that Y Y and <a- s >
x=yIl / lle=y[ = D eyl /eyl
onal by a direct calculation.

<ai, are orthog-

D. Uniform bounds

Since we will use the Bernstein’s inequality for
bounded random variables later, we need to show that
‘<ai7ﬁ>‘7 ‘<ai7ﬁ> . |1bi(x, )|k are bounded
with high probability. First, the following lemma pro-
vides an upper bound of ||a|[x> for the standard Gaussian
random vector a.

Proposition 10. Suppose a ~ A (0,1Iy). Then there exist
absolute constants Cp, > 1 and 0 < ¢, < 1 such that with

probability at least 1 — %, we have
Slogm
lallg; < Co/sTog(V/s) + =02

Proof. From the definition of the dual norm [|a|k,

sup  {a,v—w)
v—weK—-K
v—wll2<1

Ellallx: =E
a a
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= w(K1) < Cpy/slog(N/s),

where the inequality is by a well-known bound of
Gaussian width of the set of 2s-sparse unit vectors for
some constant Cp, > 1.

Since a — [lal|x; is a Lipschitz continuous function
with Lipschitz constant at most 1, by the Gaussian
concentration inequality [27]], [28]],

lallx: < Cor/slog(N/s) +u ®)

with probability at least 1 — 2exp(—c,u?) for some

constant 0 < ¢, < 1. Finally, set u = Skc’fm to obtain

the proposition. O

Define the quantity

C(N,s,m):=3 <C/, slog(N/s)+ \/512?> ()]
b

Note that C(N,s,m) < 9Cp+/slog(N/s) -/ Slﬁ—f"’.

Let E; be the event that the bound in Proposition [I0]
holds for g;. Note that P(E;) > 1 — % and also define
E,, such that

E, = ﬂi-nzlEi.

Then, by the union bound, P(E,) > 1— % which implies
that max Ha il x> < C(N,s,m) with probability at least
m 1

1<j<
2
1— prg

Lemma 11. Under the event E,, for all i with 1 <i<m,
we have

{1<ahgfi2!>\w<ah ik >\mbxaynmf}
onmp N T o

sup
< C(N,s,m)

and

max { | (ai,2) = {ar,2) |, | i, 22— (a0, 2) 2l }
<26-C(N,s,m)
for any s-sparse unit vectors z,% with ||z— 2|, < 6.

Moreover the event E, occurs with probability at least
2
1 - W.

Proof. See Appendix [A] for the proof of this lemma. [

E. Local binary embedding for small regions at x

One of key ingredients of our proof of the RAIC is
the local binary embedding (local sensitivity hashing)
property by Oymak and Recht [26]. Bilyk and Lacey
[29] also reported a similar property.

Theorem 12 (Local §-binary embedding [26], [29]). Let
A €R™N be a standard Gaussian random matrix. Then,
there exists universal constants C;,Cp > 1, and ¢ > 0 such
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that given a set G € SN~! and a constant § € (0,1), we
have

1) For all x,y € G with ||x—y|» < 8//logd~1,
| 3 Isign(Ax) — sign(Ay) |1 — dg(x,)| < CL8,

2) Conversely  for all x,y € G with
|33 | sign(Ax) —sign(Ay)|li —dg(x,y)| < C18,
[x=yl2 <6,

with  probability 1 — exp(—cdm) whenever

m > C;631og 8 'w?(G). Here w(G) is the Gaussian
width of G.

Define a constant Cjq as Cjp := max{Cl,CL,ZC,f} + 7.
We are looking for two sequences {r;};,—; and {;}i—
satisfying the following properties.

1) ri=m'2C(N,s,m).
2
2) &= C(N,s,m) ((Toe"
3) 7, = 600Ciglogm - r;§;C(N,s,m) or riy =
10\/6C11(42ri5/6m’1/6(logm)7/6C(N,s,m).

1/3

logm.

Proposition 13. Ir is easy to see that & > % and
ri > %for all i, so logm >1log 8" and logm > logr; .

Titl _ r;0;logm-C(N ,s,m) gl _
Also note that 455 = Cio o and 0v6 =

(Croribilogm - C(N7s7m))l/2.

The following two sequences {r;} and {J;} are con-
structed by induction based on above three requirements
for the sequences above.

Definition 14. For i > 0,
5V ()i _(1—(5)
ri+1=(600C10)3(1 (6))r56)m (-GY)

X (10gm)7(17(% i)C(N

SN~——

|

—

|

=
—~ &
N
~—
~

= (600C10)3(1_(%)i
x (10gm)7(17(% ’)C(N,s,m)&s(%)i
and

i1 = (600C10)2(1’(%)i)m*(1*%(%)i)

5 i

< (togm) ¥ (=) e,y 40,

Proposition 15. From the definitions of ri, riy1, and
C(N,s,m), it is straightforward to check that there exists
¢ > 0 such that rip 1 <r 20% < Cip6;logm-C(N,s,m),

and & < =L as long as m > cs'%1og'" (N /s).

Let K := B(x,r;) NK.

Then, for y € K, y —x € B(0,r;)N(K—K), so y€
B(0,r;)N (K —K) +x, ie., K9 CB(0,r;)N (K —K)+x.
Hence, we have
w(KW) = w(B(x,r;) NK)

<w(B(0,r;)N(K—K)+x)
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( for any sets S,T with S C T,w(S) <w(T) )
—w(B(0,r) N (K—K)
( for any set S,w(S+x) =w(S) )

<r;i-Cpy/2slog(N/s).

Next, we apply the local binary embedding to the set
K as follows.

Corollary 16 (Corollary of local §-binary embedding).
Under the same notations in Theorem we have

1) For all y € KO with |x —y|» < &
| o || sign(Ax) — sign(Ay)|| 1] < Cio6;logm,
2) For all y € KW with |x —yl» <

|ﬁ |lsign(Ax) — sign(Ay)| 1| < Cyorilogm,

with probability 1 — % for some universal constant ¢ >
0.

Proof. First, choose & such that §; = &/+/log ™. Since
y € K with |lx—y||» < & and logm > log ;' >log 6~
in Proposition [I3] the first part of Theorem [I2] implies
that

I, . .
o ||sign(Ax) — sign(Ay)||1 —dg(x,y)| < C6;logm.

Next, note that dg(x,y) < m||x —y||» since x, y are
unit vectors, so dg(x,y) < m8; from the relation be-
tween the arc and chord lengths in the unit sphere.
Thus, from the fact that Cj9 > Cp + m, we have
2||sign(Ax) — sign(Ay)|| 1] < Cro8ilogm with probabil-
ity at least

1 —exp(—cém)
> 1 —exp(—c&m)

> 1 —exp (— 5(6OOC10)2(17(%)H)mi(%)[_l

‘ <1ogm)%“(l-<é>"'>+§C<N,s,m>s—1£<~z>"-l>

~ (%]
>1- —&(1 HA>1-—=%
> exp( é(logm) ) > o
for some absolute constant ¢, > 0, if the condition
m > C;83log 8 'w? (K1) is met. By the construction

of § and C(N,s,m), we have m > i

(loglm> rilogm -
C3(N,s,m) > C;631og §~'w?(K1), so this condition is
satisfied. This proves the first part of the corollary and
the second part follows from the same arguments.

O

F e-net for K.

Consider an g-net .44 for K () with & = &. Then,
by the Sudakov minorization inequality [Theorem 7.4.1
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in Vershynin [28]]], there exist constants C’ ,C" > 0 such
that for all i > 1,

log | Ay |
C'w(KW)
<A\ )
< C’rl-zw2 (K)
1

< /(6001018 )b (togmy2 (1737
D)

0

x C(N,s,m)*~3

)i—l>

N

(3 (logm)2 (13

0 i—1

X C(N,s,m)*~3 8

(
< (600 (=) )
(

G. Correlation between sign{a,x) and {(a,y)

Proposition 17. Let u,v be unit vectors and a be a
Gaussian random vector in RN. Then,

\/fE[(sign (a,u))(a,v)] = (u,v)

and

1
gE [%ATsign(Au)} =u.

Proof. See the proof of Lemma 4.1 in [21]] for the first
equality. For the second equality, consider the standard
basis vectors ej, .. .,ey for RV. For each 1 <i <N, using
the first equality for unit vectors e¢; and u gives us

\/fwsign (a,)) {a,€1)] = {u,e5) =y,

where u; is the i-th component of u. After rewriting these
N equalities in a vector form, we have

\/zE[(sign (a,u))a] = u.

Then, the second equality follows because

\/flE [%ATsign(Au)} = \/fE [% gaisign«ai, “>)}

= % é gE [sign((ai7 M>)ai:|

O

VI. MAIN TECHNICAL PROPOSITIONS

This section proves our main theorem and technical
propositions. Our goal is to establish the RAIC for a
certain small region around x which is crucial in our
analysis. With all the facts gathered in the previous
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section, we are prepared to state our main technical
proposition for RAIC precisely.

Proposition 18. Let x be an s-sparse unit vector in RV,
Then, the following bound holds uniformly for any s-
sparse unit vector y with riy1 < ||[x—y|| < r.

H% -AT(sign(AX) — sign(Ay)) — (x—y)‘

Ky

<2 lx—yll2+ >
——|x- —r

> mﬁ(%)t Y2 50 i+1

with probability exceeding

Ky 5s l Ci
Lae(3) Lo
N m m
for some universal constants ¢,c9 > 0.
In other words, the measurement matrix A satisfies

\/%' %, ﬁ, %ri+17r[+17ri -RAIC with hlgh prOb—
m0(3)
ability.

A. Orthogonal decomposition of measurement vectors

The first step of the proof of Proposition [I8] is the
.. T . .
decompos1t19n of TA (mgp(Ax) —sign(Ay)) — (x — ).
Essentially, it decomposes into three parts: the compo-
nents along the direction x—y, x4y, and their orthogonal
part. This decomposition is based on Lemma [9]

Proof of Proposition [I8]. Using the expansion of g; in
Lemma [9 and the triangle inequality, we have the chain
of inequalities starting with (T0). The chain of inequali-
ties brings to control the three terms (I), (II), and (II1)
in (TT) and (12)), which is the main technical challenge
of our work. The subsequent three lemmas provide upper
bounds for these terms, which will be proven in the next
section.

Lemma 19. There exist universal constants c,¢ > 0 such
that for all s-sparse unit vector y with r; < ||x —ylj2 <
rir1, we have

1 Tit1
I)< —yll2+

— L(é
ma0\e

for all m> cs'%10g'"(N/s) with probability at least 1 —
s\ 1 ¢
E(%)" s~
Lemma 20. There exist universal constants c,¢ > 0 such
that for all s-sparse unit vector y with r; < |[x—y|2» <

Vitl, )
Tit1
b=l +

L(éi
ma0\e

(n <

for all m > cs'10g'®(N/s) with probability at least 1 —

e(%)” 7= i

Lemma 21. There exist universal constants c,¢ > 0 such
that for all s-sparse unit vector y with r; < ||x—y|j2 <

Tit1,

Tit+1
117 <
() < 50

for all m > cs'%10g'°(N /s) with probability at least 1 —
— s\ 1 cg
c(x)" W mt

Applying Lemma [T9] 20] and 21] to terms (I), (ID),
(IIT) and setting the constant cg := 2c¢ + cg complete the

proof of Proposition [T8]
O

Proposition [T8] leads to our main global convergence
theorems.

Theorem 22. If x;, the k-th iterate of NBIHT satisfies
riv1 < ||xx —x|| < ri for some i, then we have

12
1 = x[]2 < ——

6
INEIT [l — x[]2 + 357+
m

=

with probability at least
s\ 1 C9
1=3e() st
Proof of Theorem [22]

Applying Proposition [I8] to x; and using the relation
Zkp1 = X+ AT (sign(Ax) — sign(Axy)) yield

3 3
ﬁHX—)’”H' 5071

lzk1 —x|xe < WEI
mals

Then, from (7),

3
e=ll2 + 2grin

m40(6)i ‘

S
<l e

||, —x T
=50 k 27 55T+

O

Corollary 23. Suppose mo ()" > 24 for some integer
L > 0. Let i be an integer with 1 <i <L and x; satisfy
riv1 < ||xx —x|| < ;. Then, we have for any t > 1, either
there exists p with 1 < p <t such that ||xgyp —x|| < rig
or

T .
Xjgt — X — | —x ——Fifl.
k—+t 2> 2[ mz{fo((%)’f(%)l‘) k 2 25 i+1
Proof. Since mB @)’ > 24, 2 < % . ﬁ
na0 (3 m®0 (3=(3)")
Thus, from Theorem 22]
i~ < 5 e =l
Xjw1 — X |l —x — Tl
k+1 2> 2 m%((%)l*(%)L) k 2 75 i+1

Note that %ka—tz—l— %riﬂ < %ri—kér,’ <r;, SO ||xk+1 —
x|z <ri.
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T T o s
H% A" (sign(Ax) —sign(Ay)) — (x y)‘Kf (10)
T .
= ||m Y (sign({a;, x)) —sign({ai,y))ai — (x - )
T & . ) xX—y x—y x+y x+y
<||— ) (sign({a;,x))—sign((a;,y (<a,~, > +<g¢,-7 > >_ xX—y
o e (G = st ({6 g ) e A et ) Tt~
+1{|= Y (sign({ai,x)) — sign({ai, y))bi(x,y)
T & . ) x—y x—y
<||— sign({a;,x)) — sign({a;,y <ai,>— xX—y
mi;( gn((a;,x)) —sign({a;,y)) ol ) el (x—y) -
1
¥ Tf(sign«ai,x»—sign<<a,-,y>><ai, ) > 5 E Y sien(ai) —sign({aiy)bi(x.y)
m & ol / Tl | & o
1 & . . x—y xX—y
<|—) 7t(sign({a;,x)) —sign({a;,y <ai,>— xX—y ‘
o ) =sentlary) {an =5 ) == =5 |
1 . ) x+y xX+y T, . )
+|—Y t(sign({a;,x)) —sign({a;,y <ai, > ‘ + 1=y (sign({a;,x)) —sign({a;,y))b;(x,y
2 L ECign(ai, ) —sign(an.) (i ‘ T [ 2o —sgn(aste|
LA . x—y >
=|— Y 7(sign({a;,x)) —sign({a;,y)) { aj, —— ) —|lx—y (11)
s X elsien(lan) —sign(lny)) (a2 ) = el
)
1 & . . x+y T, . .
+|— ) t(sign({a;,x))—sign({a;,y <ai, >+ — sign({a;,x)) — sign({a;,y))bi(x,y (12)
2y L esien((as ) —sien( ) (e 13y ‘ Hm”< s ) —stiosote|
() (1)
After noticing % . W < %, one can show that and

0
the following by inﬁluction: For any ¢t > 1, either there
exists p with 1 < p <t such that |xx;, —x|| < rigq or

Xt — X2 S o —7 s sy 75"
bekee =l < 57~ @m) 25!

with high probability.

[l — x]|2 +

O

From the relation between r; and r;1, it turns out that
l|xk+p — || < rig1 for some p with 1 < p <25 whenever
Xx € K'. In other words, 25 iterations are enough for the
BIHT iterates to reach next level K(t1)_ This is basically
the idea of Theorem [T} which we present in the following
corollary.

Corollary 24. Suppose mw @)’ > 24 for some positive
integer L. Then, for any integer i with 0 <i <L, if ||x; —
x|| < ri, there exists t <25 such that

Xy j—xl2 <7 forall 0<j<t
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llxr —xll2 < riga

Proof. Suppose the claim in the Corollary is not true.

Then, there exists # > 25 such that ||x;, —x|| > riyy for

all p with 1 < p <t. Also, ||xx1, —x|| < r; as in the proof

in Corollary On the other hand, it is easy to check
1

that
L—i i

1/5Y
Zlog225+10<6> log,m fort > 25.

5

6

5

6

Then, from Definition [14] for r;, r; 1, this implies that
1 1 1 : :
7 Wn < 5s7i+1 by taking the logarithm to
m . .
the base 2 on this equality. However, then we have
X125 — x|| < 357741 + 337i1 < rigr by Corollary 23]
which contradicts to the assumption that ||xji25 — x| >

Fit1. U

Bermission. See htt ://www.ieeeorg/%ublicationsﬁstandards/ ublications/rights/index.html for more information.
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We restate Theorem [I] for the convenience of readers.

Theorem 25. Suppose m > max{cs'®log!®(N/s),24*81
for a universal constant ¢ > 0. Then, there exists a
universal constant Cip > 0 such that the NBIHT iterates
obey

(slog(N/5))"/* (logm) 12

)
(13

for k > 1 with probability exceeding 1 — O (#)

[l —x]|2 < Cr2

Proof of Theorem [25|. Our proof is based on Corollary
[24] and a similar type of argument used to show the
stability of the Truncated Wirtinger Flow [30]].

Let L be the largest positive integer satisfying
mw () > 24. Note that such L always exists from
the assumption m > 244 = 24*(%), We shall call {y:
|ly—x|| > r.} Regime A and {y: ||y — x| < r.} Regime
B.

First, for x; belongs to Regime A, applying Corollary
[24] repeatedly shows that there exists k < 25i such that
||xx —x|| < r; as long as i < L.

Next, we will prove that if x; is in Regime B
(|xx —x|| < rp), then ||xgr1 —x|| < 8CiprrlogmC(N,s,m).
In other words, for the approximation error of x| is
still well-controlled for x; belonging to Regime B. To
see this, we start from (7),

k1 —x[l,

< 4|/ 2. A7 (sign(Ax) — sign(Axe)) — (xka)‘
m K}
T

< 4| . A7 (sign(Ax) — sign(A H

<45 A" (sign(Ax) —sign(Ax)]|| .

+4|x —xe| &

<4|- i@ign«a,.,x» — sign((ai, %) )ai
i= Ky

+ 4 — x|k

T . .
<4 Y Isign({a;,x)) —sign((a,xe))| llail -
i=1

4=l
T m
< 1 3 ien(aia)) —sign( i, )|

+4|x — x| [k
< A4Corplogm-C(N,s,m) +4|x — x¢||2
< 4Cyorplogm-C(N,s,m)+4ry,
< 8Cjorplogm-C(N,s,m)
where the first five inequalities follow from the triangle

inequality. The sixth inequality arises from Corollary [T6]
and the fact about the event E, in Section [V-D}
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If x;1; lands on the region A (i.e., ||xgr1 — x| > rp),
then we can again apply Corollary 24] So the rest of
iterations are guaranteed to satisfy

ka+j —xH2 <8Cjplogm-C(N,s,m)ry
for all j > 1. Hence, above argument, Definition @ and
@) yield
[[xk — x[|2 < 8Ciologm - C(N,s,m) -max{r|x/»s),rL}
(slog(N/s))"/*(logm)"?
m(li%(%)mmﬂk/ZSJ,L}—v

for some universal constant Cyj.
Now, note that the above expression for the error
bound can be rewritten as

(slog(N/5))"/*(logm)"?

<Cn

(17%(%)min{tk/25j,L}—]> (13)
m
min{ [k/25),L}—1
c (slog(N/s))7/2(logm)'2m? (%)
=Cn
m
7/2 12
_cy, (slog(N/s))"/*(logm) "

m

[k/25)—1 L1
Xmax{m;@) i (3) }

(slog(N/s))"2(logm)12 .m3 ()" b (D"
_ .

<Cp

From the definition of L, we have m%(%)ul §L 4l or
5(2)F  ogm < log24. This implies that 3 (2)™

<
i.e., there exists a universal constant ¢ > 0

logm>

1/5
such that 3 (2

é

< mlogm —

_ N L—1
)L "< logm+ Since m2(3)

é
so applying this fact to (T3) implies that
(slog(N/s))7/?(logm)'? (slog(N/s))"/?(logm)!2

m(l_%(%)mm(Lk/ZSJ.L)fl) = m(l_%(%)wzspl)

for some universal constant Ci, := Cjj - exp(¢) > 0.
Hence, we establish that

(slog(N/5))"/* (logm)"2
MO

As for the probability of success, we apply the union
bound over all the levels K1, K>, ..., Ky where each holds
with probability at least

() ),

from Theorem 22] Thus, the success probability should
be at least

_/s\3> 1 Cc9 1
1_L<3C(N) 'ms‘m4>21‘0(ms>’

logm) = exp(¢), which is another constant,

Cii

Ik —x||2 < Cr2
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where the last inequality is by observing L =

15
O(loglogm), which can obtained from mw ()" > 24,
This proves the theorem.

O

VII. PROOFS FOR SECTION [V1I

In this section, we prove Lemma [T9] 20} and 21} The
ideas for their proofs are similar and we start with the
proof of Lemma [20] because we believe it is simpler than
the other two.

A. Proof of Lemma

For y € K, choose § in Ny with |ly— ]| < &;. Note
that since y € KO, [|x—y|| < r;.
a) Step 1. Approximate the term (II) by €-net
N: Continuing from (/I), we obtain

Ly s i,x)) — sign({a; a; Y
‘mizlf(mgn«a,, ) sign(la) (a2 )

(@)
<

Ly s i, X)) —sign({a;,y a~7x+y
%;T(mgn((a,, )) — sign(( 17)’>))< i |x+y||>‘

m

13 [esantiany - sien(ia) (a2

i=1

+

x+y

_ %i {T(Sign«ahx)) — sign({a;,9))) <“"’ mﬂ ‘

(ii) *1 E sign({a;,x)) — sign({a;,y a; 7)‘: J
S : IT( g (< 1y >) g (( I7y>))< 2] Hx y||>
+71 E ign({a; —sign({a;,y a; 7)6 Y
: lflsg (< l?y>) Sg (< l7y>)|‘< 1y Hx y||>‘
(iii) *1 E sign({a;,x)) —sign({a;, a; Y
S : IT( g (< ) >) g (< l?y>)< 3] H y|>’

W) - Y sgn((a3) - s 5)|

(iv)
<

1 m

— ign({a;,x)) — sign({a;,y a; Lard
1 L elsien({a.9) —sign((a ) (o Hy”>‘

L

+2C1o7-logm -C(N,s,m)ﬁ,-,

as long as we have Lemma ﬂ;fl (uniform bound lemma)
and Corollary @ (local binary embedding). Here, in (i)
and (ii) follow by the triangle inequality. To have (iii),
we used the uniform bound for ‘éa,-, ﬁ> in Lemma

[[T] The inequality (iv) is due to Corollary
Now consider the first term in the right side of (iv):

7(sign({a;,x)) — sign({a;, $))) <ai: ﬁ>

SRS
™=

Il
—

1

—
<
=

(sign((a;,x)) — sign({a;,$))) <ai7 ”y>‘

[lx+ ¥l

IA
I~
M=

I~
s

T(sign((ai,x)) — sign({a;, 9)))

1
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(omn) ~(owon)
"Tenl/ T\ Tl

¢ ;_ZIT(Sign(@u@)Sign(<a[’§>))<ai’|ii§”>‘
+%i§f|(sign(<ahx>)_sign(<a,‘,f’>))|
(e ()
¢ rizizif(sign“aux))Sign(<ai’y>))<ai’ﬁ§||>‘
%W'%gfl(sign«am)‘Sig“““"’ﬁ))'
(v;i) ril,._if(sign«ai?x})—Sign(<ai’§>))<ai7ﬂi”»
+2clorrilogrﬁ;;i(;\lll’zs’m)(Si
< rlrziziT(SigH(@hx))Sign(<ai’y>))<ai’|ii§”>‘

+4Cio7T- r,-logm-C(N,s,m)&

LS sien(tan ) — sien((a@ $) (. X5\ 143l
B ’mlgr(sg (< i >) S1g (< l7y>))< i ||)C+_)’5|>' Hx+y“

+4Co7 - rilogm-C(N,s,m)d;.

In the chain of inequalities above, (v) and (vi) follow
from the triangle inequality. We applied Lemma [T1] to
have (vii). To get (viii), first note that ||§ —x|| < r; since
$ € K'Y and apply Corollary (ix) is easily follows
from ||x+y|| > 1 since y € K implying ||x—y|| < r <
1.

Hence, we obtain

1 . . x+y
. ; (sign((a;,x)) — sign({a;,)) <ai7 ||x+y>'

1

e . x+3 \| lx+3l
<|—Y t(sign({(a;,x)) —sign({a;,y <a‘,7A> :
mi:1 ( (< 4 >) (< 1 >)) 1 ||x+yH Hx—O—yH
+2Cyo7-logm-C(N,s,m)0; +4Cot-rilogm-C(N,s,m)o;
L . x+y [lx+ 3l
<|—) t(sign({(a;,x)) —sign({a;,y <a‘77A> :
m,; (sign({a;,x)) ((ai,3))) ( ai TR R
201 ATy
600 600
e . x+3 \| lx+3ll
<|— ) t(sign({(a;,x)) —sign({a;,y <a‘,7A> :
’"Ei (sign((ai,x)) ((ai,3)))  ai 31/ | el
8riy
600 ’

where we used Proposition [T3] in the second inequality.

b) Step 2. Bounding the mean and variance of
truncated terms: To keep notation light, let us define
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a random variable X;(a;,x,y) by

o) = ) sl (o 2 )
(

First note that X, (a;,x,y) is mean-zero which can be
verified by direct expansion of the right hand side of
(T6) and Proposition [T7} This implies

0= E[XZ(aiaxay)]
- E[XZ(aiaxay)]lE[] +E |:X2(ai7-x7)7)]lEiC:|

where the event E; is defined in Section [V-D]
Hence, we obtain

‘E [XZ(ai’xd)\)]-Ei”

<E [‘Xz(aiﬁﬂﬁ)‘ ]lEl‘]

1/2
0

/
<E[[Xp(ax )P - By

1/2 ]
<E[Xa(aix,9)P| " P(E)!?

(sign({a;,x)) —sign((a;,9)))? ‘ <a,~, L)A]>

[+ 3l

=E

2:| 1/2

<E [(sign(<ai,x>) - sign(<ai7ﬁ>))4] e Ka"’ Hii;\l >4]

x P(Ef)'/?
1/4

x P(Ef)'/?
V2
m2

<2.3l/4.

m

Here, the second and fourth inequalities are by the
Cauchy-Schwartz inequality. The second last line is due
to the facts that |sign({a;,x))—sign({a;,9))| < 2, the
fourth moment of the standard Gaussian random variable
is 3, and P(E;) > 1 — X,

By the construction of the event E; and Lemma [T1]
Xz (ai,x,9)1E, is bounded by

|X2(aax7y\)]]-Ei| S ZC(stam)
and its second moment is bounded (so is its variance)
by
E [XZ(aax7y\)2]]‘Ei]

i ~ 2
E | (sign({ai.x)) —sign((.9)))” <||K||> n]
< C(N.s,m)?E [(sign({ai,x)) — sign((a;.$)))* 1]

< C(N,s,m)*E [(sign({a:,x)) - sign((a;,5)))’]

a;
<AC(N,s,m)* - dy(x,9)
<4nC(N,s,m)?||x — |2,
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where dg(x,¥) is the normalized geodesic distance be-
tween x and . Here, we applied Lemma [IT] to get the
first inequality and used

E [(sign({a;,x)) - sign({ai, $)))?]

= 4P(sign((a;,x) # sign((a;,5))) = 4dg(x.5),

i

which is due to the rotation invariance of the standard
Gaussian vector.

c) Step 3. Bounding the sum of truncated terms
by the Bernstein’s inequality: Next, we apply the Bern-
stein’s inequality for mean-zero bounded random vari-
ables to have

)

|

1 & . R
% Z T(Xl(aiaxay)]lEi - E[Xz(avxvy)]lEiD
i=1

2.2
mt=/2
<2e —_
= xP( o2+1<mt/3)’
where o2 is the sum of the variances and K is the

bound of the random variables 7Xj3(a;,x,¥)1,. Because
02 < 12 mEq, [Xa2(a,x,9)*1g] and K < 2tC(N,s,m)
from Step 2, we obtain

S )

< 2ex m12/2
=T\ T 2R, Xala,x, 915 +20C(N,s,m)t/3

l m
P <‘ . Y ©(Xa(ai,x,9)1E —E[Xz(a,x,9)1E])
i=1

<2exn [ — mt2/2
=Sexp 4nt2C(N,s,m)? - |lx—J|l2 +2TC(N,s,m)t /3
2
mt=/2
<2 -
= eXP< 4mT2C(N, 5,m)2 - |x— )7H2+471:12C(N,s,m)2t/3>

where we used the upper estimates of the first and second
moments of X, (a,x,9)1g, in Step 2.

Choose t = ——[lx— |2 in which & € [0,1/2] will
be determined Tater. Then, we have

mt? /2
4nt2C(N,s,m)? - ||x — 9|2 + 4n72C(N,s,m)?t /3
m* x93

~ 8WT2C(N,s,m)? - [||x —9|]» + ﬁ”x—ﬂb/ﬂ

. m* |x — 513

- 167W2C(N757m)2'[maX{||x—9||27ﬁﬂx—fﬂz/ﬂ}
- min{m? |lx — $||2,3m'/2*5 | x = 9|2}

= 16w72C(N,s5,m)? ’

Using the fact that riy < ||x— 9| < r; since J €

Ny CK (), above further reduces to

1
16xT2C(N,s,m)?

1 o . 28, 1248
> T D AT . \D - . i 3 i
167r172(2(N7s,m)2||x P2 - min{m=>',3m }

-min{m?%|x — 9|2, 3m" >+ — 9|}
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1
B
~ 16212C(N,s,m)?
1

> - 0000

~ 80C(N,s,m)?
where the last inequality is from the fact that 0 < & <
1/2.

Thus, with a probability at least

rip1 -min{m®% 3m!/2*%)

2E&:
riim®,

. 2&;
r,+1m
1—2exp | ——HZ~
exp < 80c(N,s,m)2> ’

we have
1 m
P Y ©(Xz(ai,x,9) 1 —E[Xa(a,x,9)1E,))

i=1

1

< m\lx—ﬁllz (17)

By the union bound over all y in .4, above bound
holds uniformly for all y € .4}, with probability at least
(I8), where the bound for |4} | is from Subsection
and riy is from Definition [T4]

Note that & should satisfy 2& — (1—3(2))) >
%(%)i_l for this to hold with a high probability. Now
choose & := %(172%(%)") which gives the chain of
inequality starting with (I9). for some small fixed con-
stants C®) C*) > 0. Here the inequality (20) follows
from m2 > C(N,s,m) if m > cs'%10g!®(N/s) for a
sufficiently large constant ¢ > 0.

Hence, we have

; 2&;
ririm
1 —2| AN | exp <806f(+N ; m)2>

) )
ot

C
>1—2exp (—2(logm)
for some absolute constant ¢4 > 0 and for all m >
cs'%10g!*(N/s) where ¢ is a sufficiently large constant.

d) Step 4. Establishing the bound for (II): Con-
tinuing from Step 1, recall that (II) is now bounded by

SN

C
>1- 4

1 & . . —sign({q; ai L
aZ“f(slgn(@zl,x}) sign({ uy>)< i |x+y|>’

i=1

U (i . 43 \| e+l
<X r(slgn«a-,x»fslgn«a-ym<a-, >

> ' DI T3 | el

Vit
. 600
1 m 8r; 1

<2|— X, (a;, x, 9) |+ =L
= ml:zl 2(a1>x7Y) + 600

Also by the definition of the event E,, whenever the
event E, occurs, we have

1§ L
— ) Xa(ai,x,9) = — ) 1Xa(ai,x,9) 1.
mi3 mi3
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Hence, by combining all the results together, for all y
with ripy < |[[x—y[| < r;, we have

1 . x4y >
— ) t(sign({a;,x)) —sign({a;,y <0¢-7
mi:] ( (<l >) ((1 >) 1 ||x+y|| ’
@ 11 & 8rit1
<2|— X (a;i,x,y)1E;
< m;r 2(ai,x,9) 1| + o0
(b) n R )
S 27 %ZXZ(aiax7y)]lEu _E[XZ(arxvy)]lEu]
=1
8rir1
27|E[X y)1
© 2 . 8v2T  8rii
< gyl t = 5 -
mao'e m 600
@ 2 8v2t  8rip
< _Z _ S i+
= mz%(%)l(”x y||2+ l)+ m2 600
€ 2 8vV21  8ripy
Nx —y||2 + 26+ ——
s e ol m> 600
f) | ot 2 N 1 +8"i+]
=~ [|X — —V7; 7
= T2 600" T 600 ! T 600
12ri41
S 1yl + —gg

for all m > cs'%1og!®(N/s). Here, the first inequality fol-
lows from the assumption that £, occurs. We applied the
triangle inequality to have (b), and (d). The inequality (c)
results from (I7), & = % (1 — 2%(%)"), and the bound for
|E[X2(a,x,9)1g,]| in Step 2. The inequality (e) follows
15N 1 (5L . i,

from m# (&) > ma ()" > 24. We applied Proposition
to get (f).

Combining the results we have so far, (II) is bounded
by

Tit1

2
(I < 1,5 -||x_)’||2+ .
ma(3) 50

As for the success probability for this bound to hold, we
need Lemma Corollary the event E, occurred,
the concentration bound in Step 3, and the error bound
for the first iteration of NBIHT (6). Hence, applying the
union bound gives us

| 2 c 2 c4 _(S)5SI
S S SN Y (i R
m* md mt mt N m>
_/s\>» 1 Co
21-c(y) s

B. Proof of Lemma

This subsection is devoted to derive the bound for
the term (7). The idea is quite similar to the proof of
Lemma 20}, so we omitted some parts of the proof to
avoid repetitions.
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. 2&;
riy1m
1—2\=/1§((,-)|exp _W>

P (5 i i _1(5 i—1 i—1
> 1 2exp (C (600C10)2 (= (8)) 3 (1ogm)2(-3R) ) oy s my+- 2 (3) )

i

Y) mz&—(1—%(%)’> (logm)7(1—(g)i>C(N7s’m)6—5(g)

_ 3(1-(3
X exp (600C10) S0C(N .5, m)? (18)
i—1 i—1 i
¢ (600C10) 2 =) ) 0 (1ogm) (73 E) ) e, 5, myt- 2 () (19)
—(600C10)* =) 3 @ (1ogm) (=) ) (v, 5, my+-5(2)'
<C‘(3)l’l’l%<%)h1 |:(10gm) (]7%(%)1>C(N’s,m)4 4(%)’ —m24<%)7 (10gm)7< (2)1>C(N’S,m)45(g)l:|
= O st 43 togm* ) — ogy” (O D i,y (3]
< OO . smy =43 {(1ogm) (1-33)) ~ (logm) (1-(3)) (20)
)
< 7%,%%(%)’*‘ (logm)%
)
<~ (logm)?
As before let y € KO, s0 riyq < lx =yl <r. We as
proceed with the similar arguments used for the bound x—y
of (IT) in subsection Xi(ai,x,y) = (sign({a;,x)) —sign({ai,y)) <0li7 ||x—y|>

a) Step 1. Approximate (I) by e-net N ;: We
begin with approximating (/) with the &-net 4. The
following inequality holds

“(sign( (@) sien({ar0)) (an 7= ) = vl

SRS
s

1

< %Z(sign(<ai,x>)fsign((a,‘j))<a,-, |i:§|>|x§”‘
i (21)
Ly i i.x)) —sign({a;, 9)) ( a; x—J
+ |3 L elsien({a.0) —sien(la9) (a7 )

flm sign((a;,x)) —sign((a; ap, 2
2 L wCsien(la) —signan) (a0 =2 )| @
+ 1l =yl = [le =l

provided we have Lemma [T1] and Corollary [I6}
The third term in the right hand side is bounded by
the triangle inequality:

e =yl = e =3l < llx =y —x+3l = [ly =3[ < &

b) Step 2. Bounding the mean and variance of
truncated terms: Define a random variable Xjy(a;,x,y)
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As in the previous subsection, we have
TR [sign((ai, x)) — sign({ai, ) (@i, x—y)] =2-2(x,y) = |x =3
by directly expanding terms in the expectation and
applying Proposition [I7}
Hence, we obtain
[lx =3l = E[tXy(ai,x, 3)]
= E[tXz(a,x,9)1g,] + E [rxz(a,»,x,y)nEic] .

So, the same arguments in the previous section give us
the following bound.

IE [eXi(ai,x, $)LE] — [lx = ||
<E [|oX1(ai,x.9)| 15

4C5

m?’

By the construction of the event E;, Xq(a;,x,¥)1E, is
bounded by

|X1(a,x,)7)]lEi\ < ZC(stvm)
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A x—3 xX—y

and the bound for the second moment for Xj (a;,x,7)1g, x| {aj, ——V—{a;, —
e given by . =51 =]

E [X1 (a,x,5)*15,] < 47C(N,s,m)*lx— |12 + '; ,:Zi (sign({a;,x)) — sign({(a;,¥) — sign((a;,x))

a;

. x—y

by the same argument used for X(a;,x,9)1g, in the +sign((a;, ) { @i, T
previous subsection. (b)

c¢) Step 3. Bounding the sum of truncated terms by Isign((a;,x)) —sign({a;. 9)
the Bernstein’s inequality: Step 2 shows that the mag-
nitude and variance of Xj(a;,x,9)1g can be bounded +

exactly by those of X;(a;,x,9)1g, in Step 2 in Subsection

IA
SR
™=

Il
—

(2] A
=51~ T

Y. elsien((ar.5)) —sen((ar ) K =y >’

14

‘ —
M=

M= 5

. .. . (0 1 . . R x—3 X —
[VIT-A] Hence, applying the bounded Bernstein 111(;9)qua11?y 2 T ¥ psign(las.x)) — sign((a;.) | <ah y o x-y >
and using the &-net covering argument for K'Y as in m = x=3I flx =yl
Subsection yield the following statement: +21C1oC(N,s,m)logm-
For all § € .4, we obtain @1 m 26;
< E Z T|Sign(<ai7x>) - Sign(<ai7yA> | ‘C(N,SJH) : ﬁ
i=1 i+

+21C19C(N,s,m)logm- §;

1 & R "
% Z TXl(ai7x7y)]lEi —-E [TXI(%XJ)JIE,-]
i=1

(¢) 4tr;§;
< C(N,s,m)logm- o

1 . A
< mnx—ﬂb Titl

+21C19C(N,s,m)logm- §;

) 4zriy
with probability 1 — . < oo T 2TCI0CN s m)logm-&
Then, we apply the triangle inequality to above to get (g 4trip1 | 2Ty
— 600 600
i ) )
Ezrxl<aiax7y)]lEj_Hx_y||2 < @ri+1'
=
1 . 4cs Here are the justifications for the above chain of in-
< Ry [lx—3ll2 + e equalities: (a) and (b) are by the triangle inequality. We
1 o ri applied Lemma [IT] and Corollary [I6] to obtain (c). The
< m”x =yl +Ily=30+ 500 inequality (d) results from Proposition [27] and Lemma
1 Firl [IT} (e) arises from applying Corollary [16] In (f) and (g),
< /=& [[x = yll2+ 6 + 600 we used Proposition [T3]
- 1 2riy1 Putting all the bounds we have so far together, we
= ) ¥ =yll2+ 600 establish
27“ 1 8
(1) < T%)iﬂx—yllﬁ 6(;6 +5i+@ri+l
for all m > cs'%1og!?(N/s) with a probability at least n 1 i
-~ 4 < =l + %5
4. = () yii2 50
m m40\e6

d) Step 4. Establishing the bound for (I): As we
derived the bound for for 7X5(a;,x,¥) in Section [VII-A] ~ with probability at least
whenever the event E, occurs, we have

| 2 o 2 cs  _/s\>» 1
1 N . _%_ﬁ_%_ﬁ_c(ﬁ) ms
*ZTXI(aiv-Ly):7ZTX1(aiax7y)]lEi' §\ s 1 C
mis miz >1_5(7> - L6

= N m>  m*

This conditional equality and the bound for the truncated
terms in (ZI) in Step 3 and allow us to control 2I).
On the other hand, the term (Z2) is bounded as below: ~C- Proof of Lemma 7]

Lo . =9 As before, let y € KO, so r; 11 < |x—y|| <r and
‘7 gf(mgn“ai?x)) _Slgn(<ai7y\>) <ai7 M> y S L/‘6((,') with Hy—_),)\” S 6i.
= a) Step 1. Approximate (III) by €-net N, : First,

_1 i t(sign({az,x)) — sign((a;,y)) <a,.7 ﬁ> ‘ we apply the triangle inequality and Lemma [9] to have
miz x=y
m T &, .
(g 1 Y t(sign((a;,x)) — sign({a;,5)) H P Y (sign({ai,x)) — sign({ai,))bi(x,y)
m = i=1 K?
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T o . . T o . . .
<|[= Y (sign({ai,x)) —sign({ai,))bi(x, ) <||= Y (sign({ai,x)) —sign({ai, $))bi(x, )
m i=1 K m i=1 Kin
T ) R +275i10gm'|‘bi(x7ﬁ)‘l(°
|2 Y. (stgn{ai,x) — sign{ai, ) (5 (x.7) ~ bi(x,9)) |
- i < || Y- (sign((ai,)) = sign({ay.5) i (x.)
T & i=1 K°
<= Y (si X)) —si Vb (x, 9 '
< | L enttae) st 2O o5
1
2 2Tr;
T . <XV ) —si CMbilx$ 2Trig1
+||= Y. (sign((a;,x)) —sign((a;,)) =\ ;(ggn((a,,x)) sign((a;, 9))bi(x,¥) 600
miz = i 3
xX—y xX—y x—3 x—3
X (<a,~, H> =y ~ <a,~, =] > M) whenever Lemma [[1] and Corollary [I6] hold. Here, the
i second last inequality is from Lemma [TT] and the last is
TE . by Proposition T3] Thus, it boils down to control the first
* ;i;(mgn((a”x)) —sign({ai.y) term in the right hand side of (23, which is presented
o o R iy in the next step.
X (<a,~, \|x+§||> ”eriH - <ai, \|x+;||> ”er;H) b) Step 2. Bounding the first term by decoupling:
KP As for the first term

We will bound the second and third term using Lemma
By applying Lemma[29] Corollary [I6] and Proposition
to the second term, we have

H’fl i(Sig“(%@) —sign({a;,y))

i=1

. (<a = > = 7<a. xjy/\ > xjy/\ >
(2] (2] A A
X =¥l / e =y [lx =3I/ lle =3

Ky

T .

g E Z |Slgn(<ai7'x>) _Slgn(<ai7y>|
i=1
O = = =)

X aj, — A\ ai, ~ ~
lx=yll / llx=yll =3I/ =31 /ll o
47C(N &

Sr,-(logm)~7r (N, 5,m)o
Tit1
4T
S@riﬂ-

Similarly, the third term is bounded by ét)—forprl.
It remains to show that the first term is well-
controlled.

Y (sign({as.)) —sign({a))bi(x.)

i=1

T
m
Ky

< g(sign«ai,x)) —sign((a;,$))bi(x, )

Sa

Ky

+ i(signﬂai,x)) —sign({a;,y)) —sign({a;,x))

Sla

+ sign({a;, $))bi(x,9)

Ky

(sign({ai,x)) —sign((a;, 9))bi(x,5)

Sla
™=

i=1

Ky

+ 53 psign((ar.)) —sign({ai.5))] (. 5)
i=1

Ky
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15 11 (sign({ai,x)) = sign((ai,$))bi(x. 5) | - we apply
a simple variant of Lemma 8.1 in [11]. This implies
that {(a;,x),{a;,9) and b;(x,9) are independent, which
consequently shows that (sign({a;,x)) — sign({a;,9))
and b;(x,y) are independent. This allows us to
apply the concentration inequality conditioned on
({aj,x)) —sign({a;,y)) as we describe below.
Define

h(x,9) = — ) (sign((ai,x)) —sign({ai, ))bi(x, ).

3|~
™=

i=1

This object has a very similar structure as the function
h in Section 8.4.3 in [[11] and we are going to follow
the arguments appeared in Section 8.4.3 and 9.1 in that
paper.

Conditioned on sign({a;,x)) — sign({a;, ), we have

h ~ N(O, Al(x,y)l_%

1

7 ) (sign({ai,x)) —sign((a;,5))*.

=

where A2 :=

m

i=1

By following the argument in Section 8.4.3 of [11]],
conditional on sign({a;,x)) — sign({a;,¥), we have

EllAllke < A -w(K:).

Since

),:

|-

\/i(sign«anx» —sign({a;, )

2
m

we have A < %/zx/Clor,-logm with probability 1— ;—ﬁ
by Corollary

Again, by the same consideration in [11]] based on the
Gaussian concentration inequality (Section 8.3 and 9.1

1 m . . R
Y [sign( (a5, x)) —sign((ai. ).
i=1

3l
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in [[11] to control the term E,) for any &€ > 2m 12, we

have

Tm

—_ (Sign(<aiax>)_Sign(<a17y>)bi<x7)’})

m;3 K
1 1/2

§4T<er:°gm) (W<K1>+gml/2)
m
1 1/2

<ar(SOE) T () en' )
m
_ 1/2

<4T<erz1<>gm> (COV.s.m)!/2-em'2)
m

with probability at least 1 —exp(—c'e?m) for some
universal constant ¢’ > 0 (in the last inequality, we have
used the simple fact that ab > a+b if a,b > 2).

From Proposition [13]

H;ﬁl@ignaai,x»sign<<al-,yA>>b,-<x7yA>

K7
, -1/2
rig mU2 em!/?
10\/6 5i1/2
< 2rip €
= /2"
10 5 /
. 512 . . ~1/2
Taking € := \}@ (note that this choice of €>>2m
from the construction of &;) yields
U . R R 2Triy
Y (sign((as. 1)) —sign((a, $))bi(x.9)|| < o
i=1 K?
(24)

with probability at least (23).

Since we want the bound (24) holds for all § in
(), by the union bound, we have (24) for all  in
N with probability greater than (26). By the same
argument in the previous subsection based on comparing
the exponents of logm and C(N,s,m), this probability is

at least
yﬁmcfmﬁmn%MQWmm)zkf;
m

c) Step 3. Establishing the bound for (III) :
Combining the previous bounds in this subsection yields

¥ s ) —sign( a9 (5.

Ky
47 Z‘L'Vi+1 2’L'r,~+1
=500 600 T 600
(6 3. 3,
=600 600 600,/ !
_Tipl
50
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with probability exceeding

m*t mS mt m N
s\ 1 cg
>1—¢ (—) @
= N mS  mt

VIII. DISCUSSION

We show that NBIHT enjoys the optimal approx-
imation error decay in the number of measurements
for the one-bit compressed sensing problem. While this
demonstrates its efficiency, there are still several aspects
worth further investigation:

(1) Throughout this paper, we develop our theory
for NBIHT with the step size T = y/7/2. This may
sound restrictive but the numerical experiments in Figure
suggest that the choice of the step size /m/2 is
possibly optimal since with other constant step sizes or
diminishing ones, the algorithm either converges more
slowly or doesn’t converge at all. Also note that our
step size is already normalized by m as one can see in
the NBIHT algorithm [I| The need for a careful choice
and normalization of the step size for NBIHT to work
is also empirically observed in [15].

(2) It would be interesting to see how much the
requirement for the minimum number of measurements
in Theorem [I] can be relaxed. Although improving this
requirement is not the main focus of this paper, the exten-
sive numerical experiments in the literature indicate that
BIHT-type algorithms perform much better than other
algorithms even for a moderate number of measurements
[15]-[17]. Our reconstruction error bound is optimal in
its dependence on the number of measurements m in
Theorem [T] and Corollary [2} but we believe it is highly
suboptimal in its dependence on the sparsity level s since
it scales as (slog(N/s))7/2. Indeed, simply due to this
large factor and the fact that the reconstruction error can
be at most 2, we found that the error bound in Corol-
lary 2| is empirically satisfied for all m, which would
not be informative to understand the true measurement
requirement.

We instead include numerical results supporting the
conjecture in the introduction — the actual dependence
on s in the error bound is linear — to provide readers a
better insight about the requirement.

The left plot in Figure [2| shows the reconstruction
error of NBIHT versus the sparsity level and compares
it against the graphs of the functions 2slog(n/s)/m,
3slog(n/s)/m, and (slog(n/s))?>/m. Comparison be-
tween these curves implies that the error dependence on
s is of order O(slog(n/s)), which is linear in s up to a
logarithmic factor as stated in our conjecture.

On the other hand, the right plot in Figure 2] illustrates
how the reconstruction error of NBIHT decays as m
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Sm!
1 _ _ /82 — 1 _ _
exp(—c'e“m) exp( ‘o
i— =1\ 4 i—1
oy ) mE @) togm) (BT ) e g mp- $R)
-1 —exp —C/(6OOC)3<1 (6) )m ( Ogm) = C( ,s,m) (25)
(137 mb D (logm) ¥ (@) ey g mys 2D
1 =2| A |exp | —¢'(600C) <7(3) ) & i =
i—1 i—1 i
> 1—2exp <c”(600C)2('(2) )i O (ogm) (3@ ) oy, 5, my 2 (2) ‘)
: 1(5)i! () )44 105y
(Y m3(8) 1 3( () )+3 5-%(3)
coxp | ¢ (600C)3(1 (3)")m (logm) _ C(N,s,m) 26)
increases for a fixed sparsity level s = 25. We observe ACKNOWLEDGEMENT

the error curve is below than 3slog(n/s)/m for m > 300
and than 2slog(n/s)/m for m > 800. This plot also
suggests that the error decay rate in m is not O(1/+/m),
the previously known rate, but actually O(1/m) as our
theory tells us for sufficiently large m. More precisely,
we empirically observe that the actual error curve scales
O(slog(n/s)/m) once m becomes larger than a relatively
small number. Therefore, proving the conjecture — the
error dependence on s is at most O(slog(n/s)) — would
be next important step to investigate the behavior of the
NBIHT algorithm further such as the true requirement
for optimal error-decay rate (both optimal in s and m).
We leave proving this as a future work.

(3) Note that in general it is not possible to recover
a sparse signal from 1-bit measurements with non-
Gaussian vectors even if we have infinitely many mea-
surements [31]. However, under some extra assumptions
on the signal set, we can reconstruct the signal with
a reasonable accuracy. It could be worth to explore
whether BIHT-type algorithms still exhibit superior per-
formance for non-Gaussian measurements under these
assumptions.

(4) Another possible direction would be to extend and
analyze BIHT-type algorithms for sparse signals with
respect to a dictionary. It is easy to see that our results
naturally extend to sparse signals with respect to any
orthogonal basis. We expect that BIHT-type algorithms
might offer a good approximation error decay for a
certain type of dictionaries as well, assuming that the
hard thresholding operator for the dictionary is well
defined and can be implemented in a computationally-
efficient way.

The authors thank Xiaowei Li for reading this
manuscript and giving us several valuable comments.

APPENDIX A
PROOF OF THE UNIFORM BOUND LEMMA

In this section, we prove Lemma

2

=1, we have
m

Lemma 26. With probability at least 1 —
. AN memn ) e m
yeKNSN-! [lx+yll [lx =yl
Slogm
<3| Cp/slog(N/s)+ .
b

for all i with 1 <i<m.

| e

Xty
[+

Proof. For any y € KNSY~!, we observe that
(K —K)NSN~! because K is symmetric.
w,yeKNSN~—1

()
||W+y||>‘

w—+y
sup
[(ai,u—v)|

S

XEY
[lx+ll

<aia
sup

u—ve(K—K),lu-v],<1

sup
yeKNSN-1

<

sup (aj,u—v)

u—ve(K—K),|uv]<1

Slogm

llaillke < Cpy/slog(N/s) + .
under the event E,. Here the second equality holds
since K is symmetric and the last inequality is from

Proposition
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Fig. 1. Convergence behavior of NBIHT for different step sizes

7. We create 1000 x 500 Gaussian random matrix and draw vectors
with sparsity levels 16 and 48 uniformly at random from the unit
sphere In each experiment we run NBIHT with constant step sizes

/2,4y /T/2, 4\/ 7/2, and diminishing (and unnormalized) step

sizes L:T and m\/T . We average the relative error over 30 trials
and record the error versus the number of NBIHT iterations. Both plots
indicate that with constant step size 4/7/2 and diminishing step sizes
without proper normalization, NBIHT doesn’t converge at all, and with
the step size %x/n'/ 2, it converges more slowly than with our choice
of step size \/7/2.

Again by the symmetry of K, this also implies that

(ENTHSTE
=l

As for the bound for ||b;(x,y)||ge, we first start from
the decomposition of @; in Lemma

xX—=y xX—y xX+y xX+y
bi(x,y) = ai, 7—5 ) T +{ @i, T ) T — ;.
=l / llx =yl lx+y0 /7 llx+yll

After taking the dual norm || - ”K1° on both sides, we have

51
Sup ﬂ .
yeKNSN—1

>’ < Cpy/slog(N/s)+
Ch

N16i (x ) ||k
o =) il e o) 7
< || @i, —— aj, T
=yl / e =yl g x4yl / Tx+yll K
+laillk
<[ =il e ol
=yl /1 =yl g Iyl /H e+ 1 g
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Fig. 2. NBIHT recovery error curve for fixed sparsity level and the
number of measurements. A vector with specified sparsity level s
is drawn uniformly at random from unit sphere and measured with
m x 256 standard Gaussian random matrix followed by the sign func-
tion. The reconstruction error is averaged over 30 trials. The left plot
suggests that the error dependence on s is of order O(slog(n/s)/m).
The right plot empirically shows that the error decay rate is actually
strictly better than O(1/y/m), the previously known rate, but O(1/m)
as our theory predict.

+llaillk;
xX—y x+y >‘
={a, +|{ aj, — Y| + ||ai|lk
’< ’ ||HH>' ‘< P /| el
51
<3| Cpv/slog(N/s)+ 2oem )
Ch

where the first and second inequalities are by the tri-

angle inequality, the equality is from the definition

of the dual norm | -[|xs, and we applied the bounds
Xy Xty o i

for ‘<q,7 ||X7YH> <a,, Hery||> , and. |ail[k in the last

inequality. Thus we have the bound in the lemma under

the event E, which holds with probability exceeding
2
et

O

Proposition 27. Let y,$ € S¥=! with r < ||x—y|| and
r <||x—3|| for some r > 0. Also, assume that ||y —9|| < 6.
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Then, we have

x—y x—J
b=yl |
Proof. Repeated applications of triangle inequality yield
the following chain of inequalities.

25

Xy o x=y
x—yll  [lx—7l
S x=y o x—y +’xy xyH
A =l [|x yII [lx— 3l
1 1
<l | =Y+ 77— [x—y— (=)
lx—=yll  [lx—7l H bl
llx =9 — llx—y|| 1 .
< | | =yl 4+ = Iy =]
||x—y||||x—yH [lx— 9|l
< |+ ly =7l
x=301 " Ilx— yll
p-si<2.
Y=Yy =
" =3l

O

Lemma 28. Let z,% be s-sparse vectors with ||z— 3|2 <
0. Then, we have

Slogm

|{ai,z) — (@i, 2) | < 8 | Cpy/slog(N/s) +

for all 1 <i<m with probability at least 1 — %.

Proof. Let h = z—Z. By Proposition for all i € [m],
we have

sup  (ai,h)| = |laillkg = Ollaillk;
heK—KNSSN—1
51
<& | Cpi/slog(N/s) + | 228" 27)

with probability at least 1 — % Then the lemma follows
from the union bound. O

Lemma 29. Let z,Z be unit s-sparse vectors with ||z —
2|2 < 8. Then, for u >0, we have

Kp <26 <Cb SlOg(N/S)+1 510gm>
Ch

for all 1 <i<m with probability at least 1 — %

(ai,2) 2]

(@i, )z —

Proof. Note that

H <ai,Z>Z_ <ai72> 2”](]0

< |{ai,2) 2= {ai, 2 2llky + [ (@i, 2) 2 = (@i, 2) 2l g

< [{ai;2) = {ai, ) | -lzllkp + (@i ) |- e — 2k
< [ai2) — (a9 | - llzll2 + [{ai, 2) | - [l — 2l
51
<& [ Cp/slog(N/s)+ ng
b
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The explanations to above inequalities are as follows:
We used the triangle inequality in the first and second
inequalities. The third inequalities is from the definition
of the dual norm |- [|xo. We applied Lemma 28| to the
fourth inequality. O

Finally, collecting the results in Lemma [26] 28] and

[29] yield Lemma [TT]
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