
Convergence of gradient descent

• iteration complexity of gradient descent
• quadratic model

• strong convexity and linear convergence .



Lipschitz gradient and descent Lemma

a function f- : IR
"
→ IR is 2-Lipschitz cont . differentiable Cftc ) :

lltfcx) - tfcy) 11 I L 11.x - yll it ×
, y c- IR

"

examples : ① Linear f- (X) = atx ⇒ 2=0

② quadratic f- (X) = Extant btx =D L= HAIL = Imax(A)

2nd - order equivalence : if f is twice cont . diff't then
[Theorem 4.20 in Beck]

ft C
'

⇐i> 11-741×311 E L K ✗ c- IR"

descent lemma : if f- C- C? over IR" then

[ Lemma 4-2 in Beck]

f- (z ) I fix) t PfC×)TCz - X) t Lz 117-✗112 IX.2- c- IR
"



quadratic upper bound

choose any ✗ c- ( 0, E) .

Then by descent Lemma

f- (z ) I f- (X) t If C×Fcz -×] 1- Lz 117-✗112

I f- (X) + ☐f- CXFCZ -x) t zig uz-✗112
if ✗iy C- IR

"

(projected) gradient descent step minimizes quadratic upper bound :

argmin fcxsttfcx)Tz
-X) t -1112-+112 =

22

2- C-C

= angwin
I lltfcx) 112 t tfcxtcz -X) + ¥11 z -✗112

2- c- c
2

=

arguein ¥11 Z - ✗ + a tfcx) 112
2- C- C

(valid for any convex set CEIR" )
= proje ( x- ✗ tfcx))



convergence gradient descent (take c=1Rn for simplicity )

by descent Lemma : fk := fcxk) and tfk -_=pfcx*)

fkt , I fk t DfÉ(✗kti-✗K) + £11 ✗K+,-✗←112

take ¥,
:= ⇐ ✗Pfk ⇒ 4<+1-×k= - ✗Pfk

fkt , E fk - * ☐ fkttfk + ¥11 - adf.rs 112

= fk - ✗ lltlfk 112 + 4¥ 11☐fk 112

= fk - tr (I - 1£ ) 117ft, 112

objective reduces if
-

fk+,
< fk if ✗ C- 6, E) and tfk =/ 0



(f) fk+ , I fk - ✗ (I - 1£ ) 117ft, 112

take steplength a c- (o
, E) so that

(* *) fktl ± fk - ¥211☐fk 112 =D { ✗ lltfk 112 ± f-k - f-*+,

sum across iterations 1<=0,1, 2 , - . -

,
T :

Ed É 11 tf,< 112 I f- (Xo) - f- (XT) I fcxo) - f-
*

f-
*
= min value

14=0

=D thinkc- {o , ..;T}
"Pf(✗ K)/12 £ ¥ É lltfcxk,112g

2 ( fcxo) - f't )

k=0 ✗T

Note : Choosing ✗=L minimizes RHS of (A) .



strong convexity
a function f- :lR^→ IR is µ strongly convex fu> 0 ) if

f-(Z) 3 f- (X) t tfcx)T( 2- -X) + Mz llz -✗ 112 Fx,y C- IR
"

if f- is twice continuously diff 't , then equivalent to

11 dttidfcx>d 113 julldll? ⇒ >
min ( tihfcx)) > µ if ✗ C- IR"

implies
lltfcx 112 3 2M ( f-Cx) - f-

*)

compare with L
- Lipschitz gradient :

f-(z) I f- Cx) t tfcxjt (Z -X) t £112 -✗112 it × , y C- IRN

and Imax (☐Zfcx)) E L K ✗ C- IR
"



convergence under strong convexity

from (**) above
,

f- K+, I f- K
- ¥ ✗ 1117ft112

using strong convexity

fkt, I fk - ✗µ ( fk - f't)

subtract f-
* from both sides

f- K+,
- f-
*
I fk - f-

*
- 2µ( fk - f-

*) = (1-4) (fk- f-*)

recursing from K=T
,
T- l
,

- ^ -

,
2
,
I
,
0 :

f,
- f-
* ± (I-2µF (Fo - f't ) I exp ( - ant ) ( fo - f 't)

take ✗ = I and solve EE exp (
- ¥) ( fo- f-*)

⇒ T > ÷ log ( f¥ ) ← linear

convergence
I
"

condition number
"

off


