
CPSC 406 : Computational optimization

CONVEX FUNCTIONS



CONVEX FUNCTIONS

• A function f- :C→ IR is courier if CER
"

is convex and

f- ( -0×+11--0)y) ± -0-11×3+(1--0) fly )

for all ×
, y ed

and ① C- [0,1 ] .

• f- is strictly courier if for all × ,y c-C and ① C- (0,1) ,

f- ( 0×+11--0)y) < Qfcx) 1-(1--0) fly )

• f- is conceive if -f is convex

0-4*+11-04

i. i i.

✗ Qxtcl-07g Y



EXAMPLES

CONVEX FUNCTIONS

• affine : ATX + p for any at
IR"

, PER

• exponential : e
"

for any ✗ c-R

•

powers : ✗
✗

on R++ for all ✗71 or 2<-0

• abs Val : IXIP for all p > I

• neg entropy: xlogx on Rtt

• norms (use triangle iueg.to show)

CONCAVE FUNCTIONS

• affine : (see above)

•

powers : ✗
✗

on R++ for all 0<-4 C- I

• Logarithm : log ✗ on Rtt



Equivalent Def'm for convexity of functions :

Defh (E) A function f- : 112h → IR is convex if the

epigraph ,

epif = { (×, a) C- ✗ IR / f-Cx> c- ✗ } c- 112^+1

is a convex set
.

✗

f

epif

✗



RESTRICTION TO LINES

The function f- :C-☐ IR (CER" cvx) is convex iff

4K)=f(✗+✗d)

is convex for all ✗ c-C and d. C- R"
.

4) = fcxtxd) [Recall discussion on line search]

⇐



OPERATIONS THAT PRESERVE CONVEXITY

• non- negative multiple

✗ f- is convex if f is convex and ✗ 70
.

• sum ( including infinite sums)

f- , + fz is convex if f , , fz are convex .

• Composition with affine function

f- ( A-✗ +b) is convex if f- is convex

Eiampes
m

• log barrier : fcx)= - I log ( aix - bi) convex over {✗ / a:-X> bi }v-i
⇐ I

• norm of affine function : f- Cx) = 11 Ax- bll [ composition w/ affine t
D- inequality ]

• f- (X, , Xz, ✗g) = e
"-"+✗3

+ eZ✗2+ × ,



Suppose fi ,
5=1 - - - m

,
ane Connex functions .

then fix)= hnax { f. (X)
,
fzcx)

,
- . . > fmcxi }

is convex .

f
,

f} fzDr

✗



GLOBAL OPTIMALITY

(P) hriuineize f- (X) subj to ✗ c-C
✗

where f is a convex function and C is a convex set .

If it is a local minimizer of (P) [ fC×*) Efcx) I ✗ c-CnBecx*)]
it is also a glqbatminimizer of (P) [fc×*) c- fcx) K ✗ c-C ]

Pioof Suppose I is a local , but not global , minimizer . Then
,

• there exists y c-C such that fly> < f-(E) .

• fl -0×-1-11-e)y) I -0 -f(F) 1- ( 1-G)fly)

4 O-f.CI) + (1--0) f-(E)

= FCI)

which contradicts hypothesis .



LEVEL SETS

The level set of a function f :C → IR is the set

[f- { a] := { ✗ c- C l fcx) Ex } [fed ↳×,,

If f- is convex ⇒ all of its level sets are convex .

⇐ note that n_ot⇐)

Proof

Take × ,yE [ f- Ex] .
Then f- Cx) Ex and f- (g) Ex .

Because f- is convex
, for ② C- [0,1]

f- ( ②✗ 1- ( 1-G)y) I -01-1×71-4-0-3 fly] E. ② ✗ 1- (1--032<-2

Thus
,

① ✗ 1- ( l - Q)y E [f- Ex]
.

Cometary The set of minimizer of CP ) is convex
.



FIRST - ORDER CHARACTERIZATION

Let f :C→ R be coat
. diff over CEIR

"
ccvx)

.
Then f is

convex iff

fcx) + tfcxtcy - x) Efcy) for all ×,y C-C

f-(y)

Proofstetch :

By convexity off , I × ,y C- C , ① c- [0
,

fcx> ttfcxtcy -X)f- (Qy + (1-0)×3 ← ① fly) 1- ( 1-G) f-(x)

=D f÷t-¥É) c- fly) - f- Cx)

Take him 0-30
,
then

f-
'
(✗ ; g-x) E fly) - fc×) } ⇒ fly]> f- (⇒ +tflxily-×)-

=-Df-(x)T(y-X)



FIRST- ORDER SUFFICIENCY

By convexity

f- (2) 3 fcx) + tfcx)T( 2-×) tf ×
,
2

.

Suppose ✗ = ¥ =D Pfc -1-3=0 . Then

f(2) Zfc# V-2
.



Second - Order Characterization

For f- : IR
"
→ IR twice continuously differentiable on

an open convex
set CERN

,
then f- is

convex over C iff

Tifcx) Zo V- ✗ c- C

Proof sketch (only⇐ )

• By the second- order Taylor expansion of f ?

f-(g) = f-4) + tfcxtcy-X) +tzly-xftifcz-ky-xjf-or-iy.ECand some 2- c- [× , y] .

° Because ☐Zfcx> 70 , Cy-✗JPY-12) (y -X) 70

• Hence
,

g-(y ) } fun + →flatly-×) Fay c- C

and f- is convex over C.



Éxample f-4) = ✗
✗
for ✗70 270

• Differentiating twice over × > 0 :

f-
"
(X) = 21×-11×4-2

• f-
" (X) 70 if ✗ 71

• f-
" (✗7£ 0 if 0<-211


