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DESCENTDIRECTIONS

• Unconstrained nonlinear optimization :

minimize f- (x)
, f : → R

,
continuosly differentiable

✗c- Rn

• We will consider iterative algorithms of the form
•×
"

✗
KH
= XK + ✗kdk

,
K = 0

, 1,2 , - - -

where
• dk = search direction

° ok = step length
"

✗Kt ✗kdk

• A search direction d -40 is a test dir for f at ✗
if the directional derivative is negative ,

ie
,

f-
'

Cx; d) = tfcxtd to

I



DESCENTPROPERTY

If f :lRn→1R is continuously differentiable , and d c- R" is a

descent direction at ✗ ,
then for some E > 0

,

f- (✗ + ✗d) < fcx) V- ✗ c- (o, E]
(Descent]

Prif :

• Because f-
'
Cx; d) LO

Lim
✗⇒o+ f(×t✗d = f-

'
(x;D) < o

• then I E > 0 sit
.

f(×txd) < o f ✗ C- lose ]

which implies (Descent)
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GENERIC DESCENT METHOD - conceptual algorithm

Initialization : choose ✗ofR
"

For 1<=0 , I , 2, - - -

(a) compute descent direction dk

(b) compute step size ✗Kst fcxkt ✗kdk) < fcxk)

(c) update ✗
KH

= ✗Kt ✗kdk

(d) check stopping criteria

Questions
• How to determine a starting point ?

• what are advantages / disadvantages of different dirs dk ?
• How to compute a step length ✗

k ?

• when to stop ? 3



STEP SIZE SELECTION ✗
"

[ descent direction computation later]
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STEPSIZE SELECTION ( 2K)

These are the selection rules most used in practice :

(needs additional
conditions)1. ousta-tteps.ee : ok = I f k

on f- to be reliable .

2. E±É°. choose ✗K to minimize f- along ray xktadk
:

✗
"
c- argmin f- (xktxdk)

✗ 20

3.BA#ckiug
"

rtrmij Lih : for some parameter recon)

reduce a leg , ✗←42 beginning with ✗ =L ) until

f- (xk) - fcxktddk) 3 -µd Trfcxkjtdk*
decrease property - see ✗stay below]

⑨ (d) := fcxktsdk )
K

f- (XK) -1µL Tifcxkytdk
✗
y ¥0 by def'n of dk 5



EXACT LINESEARCH FOR QUADRATIC FUNCTIONS

An exact linesearch is typically only possible for quadratic funds :

flx) = E. *Axt btx + c with A > 0

Exact linesearch solves the 1 - dimensional optimization problem

bein f- (✗+ ✗d) (where d is descent dir )
✗20

Derivation of solution [details in class] :

f- (✗+✗d) = £ (✗+ ✗d)
"
Acxtxd) t bT(✗+✗d) + c

⇐ f- (✗+✗d) = ✗ dTAd + EAD t btd = ✗dTAdtDf(xJd

- tfcxtd⇐ fcxtxd)=o ⇐☐ {✗ = ⇒ > 0 }
dTAd >0 (Ato)

⇒ {DfcxFd< o Cd is descent dir) }
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SEARCH DIRECTIONS dk

7



GRADIENTDESCENT

dk := - g
"

where g
"
:= tfcxk)

• The negative gradient direction C-g.a) provides descent :-

f-
'
Cxk; -gk)= - gig ,< = - 11g,-112 <0

if g ,< =/o , ie ,
✗
K
is not already stationary .

• The negative gradient g= -Dflx) is the steepestdescentdirection
of f- at ✗ , ie , it solves

bein { f' (x ;D) I Ild 11=1} [ set g=Pfcx)]

Proof : fYx;d) = gtd 7 - 11g 11 - Hd 11 [Cauchy- Schwartz lneg]
7 -11g 11 [ 11211=1]

Lower bound is achieved by setting D=
-9)ugh
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GRADIENT METHOD

Input : E > o Ctolerance)

Xo ( starting iterate)

For 1<=0 , I , 2, - - -

• evaluate gradient gK= ifcxk)
• choose step length ✗

k based on reducing the function

¢cx)= fcxk- ✗gk) [see stepsize selection slide

o ✗
1<+1
= ✗

K
- 2kgK

• STOP if 11171-1×1<+511 < E

[DEMO on function f-(× ,g) = x2 + 2y2 ]
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"

ZIG - ZAG
"

OF GRADIENT METHOD

Let ×
, , Xz , Xz ,

- - - be the iterates generated by
the gradient method - Then

T •
✗
K

(☒ktz - ✗kti ) ( ✗1<+1 - ✗K) = O

Pret By definition of the Gradient update : ✗""
•

✗ 1<+1 = ✗K
- ✗Kpfk

✗ 1<+2= ✗1<+1
- q<+, Df,<+,

} =D ✗Kt'
-✗
K=
- ✗Kpfk

✗
ktz

- ✗
1<+1
= - ✗KHPfktl

⇒ (✗ktz-✗K+,)T(✗K+ , - Xx) = 0 ⇐D DfktDfk+, = 0 .

•
✗
1<+2

Because ✗
"
c- arguein { 10K) : -_ f-(✗K- ✗tf ,,) }

0 =
'
(2k) = - Rft = -PfÑPf(✗Kt,)

I ✗1<+1

⇐D tfcxktifcxkti) = 0 ¢

"

Zig-Zag
" behavior often the reason why the gradient method is slow . no



GRADIENT METHOD WITH CONSTANT STEPS /ZE

• Constant stepsize sets ✗1<=2 for all K .

• How to choose I ?

• I too small ⇒ gradient method slow

• I too large =D gradient method diverges

Demo on bein X2t2y2 with[different values of constant sfepsiee]
• Must choose step length d- c- (0, ✗max) for method
to
converge .

• ✗
max depends on a property of ifcx) called
Lipschitz continuity . 11



LIPSCHITZ CONTINUITY OF GRADIENT

A continuously differentiable function f-- Rn → IR has a

Lipschitz continuous gradient with parameter L if

HDFCX) - Df (g)HE LHX- yll [2-norm throughout]

for all vectors ×
, y and some L > 0 constant

.

E×AE f- (x) = £xTAx + btx + c (quadrate , A=AT)

tfcx)= A-✗ + b

1117ft) - Pflug> 11 = 11 (Ax-b) - (Ay- b) 11
= 11 Ax - Ayll
= 11 ACX - g) 11 I 11AM

- 11×-911
E llAHz= Imax (A)

EXAMPLE : Take A-= [to É] from previous slide . 111-112=2 .
12



CONSTANT STEP - SIZE THRESHOLD

• If f- :/Rn → IR has an L- Lipschitz continuous gradient and
a minimizer exists

, then the gradient method with
constant step size converges if

I c- ( o
,
%)

.

• previous quadratic example

- fcx> = tzxtnxtbtxtc with A= [to I ]
- L= Imax (A) = 2

- gradient method converges for all d- c- (0,1)
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CONVERGENCE OF THE GRADIENT METHOD

For the minimization of f :lRh→1R bud below with
2- Lipschitz gradient and one of the linesearches

(1) constant step size I c- 10,%)

(2) exact live search

(3) backtracking liueseanh with petco,D

Then

(a) flxkt,) < fcxk) for all 1<=0, 1,2, . - - unless tfcxk)=o

(Decreasing)

(b) 1117-11×1411 → 0 as K -Doo .

( convergence to stationary point)



(Backtracking linesearch demo )



CONDITION NUMBER OF A MATRIX

The condition number of a nxn positive definite
matrix'Aisdby

K (A) = \maxCA 71
✗min CA)

• ill- conditioned matrices have KCA) large
• Condition number of the Hessian at the solution
influences the speed at which the gradient method
converges

H = D2fC×* )

KCHI small =D GM typically converges quickly
KCH) large =D GM ' ' ' ' slowly



EXAMPLE : ROSENBROCK FUNCTION

f- (×, ,Xz)= 1001×2 - ×? 72 + ( 1- ✗172

Dfcx, ,×z)=[ 400×11×2-42
) - za - ×,)]200 (Xz-✗f)

☐Zfcx ,,×z) =
400×2+1200421-2 -yoox,]
- 400×1 200

Solution § , ,xz)=( 1,1 ) is unique . [Verify Pfa , 1) =o]

Ñf( 1,1)=(802 -400]- 400 200

[ Backtracking Demo ]



SCALED GRADIENT METHOD

(D) heiniuuize f- (x) f :D
"
→ IR

✗ c- IRN

• Make a linear change of variables with

S non-singular nxn
,

✗ = Sy ie y:=
54

(Pscaled) tuiuimize gey) :=f(Sy)
YER
"

• Apply gradient method to scaled problem :

Ykti = YK
- ✗

KPglyk) with tgly )= Sttfcsy)
• Multiply on left by S :

✗
1<+1
= ✗
K
- ✗← SSTPFCXK)

.sc#iEod : will D= SST ,

✗
1<+1
= ✗

K
- ✗xDDflxk)



SCALED DESCENT

The scaled gradient -Dtfcx) is a descent direction :

f-
'

( ×; -Difcx)= -DFCXFDPFCX) < 0

because D= 5560 ( S nonsingular )

Scaledcnradienttethod

for k= 0, 1,2, - - -

o choose scaling matrix Dk

• compute scaled gradient dk=DkPfcx⇒

• compute step length ✗← by linesearch on the fondue

¢6) = f- (✗K- ✗ didI • ✗Kt, = ✗K- ✗kdk
• STOP if 11171-41<+1) /I E to/



CHOOSING THE SCALING MATRIX

° Scaled gradient method is just the gradient method applied to g :

gly) = f- (DIY) = fcx) [D= ssT=D±D±]

Dgly) = D±Df(D±y) =D±DfCx)

72g (y) = D±D2f(D±y)D± = D±P2fcx)D±

• Choose Dk so to make D±DZf DE as well conditioned
K k k

as possible . Take H= PZFCXK) :
K

HE
' 70 [Newton] DKÉH,<DÉ=I cord CI) =L

[DampedD.< = { 4%+11=5 ' Newton] DÉHKDÉ →I as >→ 0

diag ( j[Diagonalscaling ]
to



GAUSS - NEWTON METHOD

CNLS) keiuiueize f- (X) = ¥11M-17112 ri :1Rh→R
✗ c- Rn cont . diff't

c- =\
,
- - - , M

Gauss - Newton Method :

✗
KH = Angwin É

/ Irk 1-Ak /✗-✗⇒ 112
rk=r(×k)

✗
- a ,<=/

P?×Ñ )(linearization of]armchairat ✗
k

= (AÉAK)"AÉ(Alexia - rk)
= ✗

k
- LAÉAK)

- '

Aktrk

= ✗
K
- (AÉAk)

-'

Pfcxia) DfHk)=AIrk

Thus
,
we see that the Gauss- Newton method is a scaled gradient

method with the scaling matrix

Dk=(AIA ,<5
'


