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LINEARLY - CONSTAINEDOPTIMIZATION

(P) minimize f(x) subj toAx=b
Xt1RL

· f:1RR continuously differentiable (once or twice, as needed (

· A =IIm withrank(A) =m

· minimum value finite and attained

Feasible setF ==5 x/ AX =b3

⑥*



ELIMINATINGCONSTRAINTS

Equivalent representation of the feasible set:

Fi =2X11AX=b3

=(x+2p/p -14
-

w}

where is any particular feasible solution, i.e, Ax =b

· I is a basis for null (A), i.e, z =s+Az=0

Reduced problemis unconstrained in n-m variables:

minimize f(x+2p)
P-/Rn-m

· apply any unconstrained method to this problem to obtain p

· obtain solution *from original problem as

x*=x+2p7



EXAMPLE (IN CLASS)

minimize (x," +x32) subj toX, + Xz=1



OPTIMALITYCONDITIONS

Define "reduced"objective for any particularsolin and basis 2:

fz(p) =
=f(X+2p)

Gfz(p) =EXf(x+zp) &reduced gradient]

Letp* besolution and setx* =F+2p*Thenp is optimal only if

4f(p*) =0 =0ITXf(x*) =0 (P4f(x*) +null(IT)

Fundamental subspaces in 12 associated with Aand 2:

range (AT) #null (A)
=1L

12/

null (I) Arange"(z) =in

Thus, Gf(x*) -> null (IT) <=Tf(x*) trange (AT)

4=B= yst Xf(x*) =rTy



FIRST-ORDERNECESSARYCONUINOXIS

ApointX*is a local minimizer of(P) if

thereexists an in-vectory such that

Coptimality] 2f(x*) =ATy =maiyi A = asa
[feasibility] Axt=b

Equivalentto

I7f(x*) =0 =XXf(x*)Tp =0 fp-null (A)

Axt=b

The vector y is sometimes referred
to as "Lagrange multipliers" - ⑧ "4fx

aTx=b



SECOND-ORDER OPTIMALITY

fz(p):=f(x+2p), xfz(p) =2Yxf(x+2p),x2fz(4) =2x2f(x+2p)2

isNessary 2nd-order optimality:ita local minimizer byif

Ax*=b Ax* =b

Ef(x4 =

0 3 D E if(x) =Aty for some vectory
zf(x*7>0 px2f(x)p>0 Xpenvll(A)

Sufficient2nd-order optimality:** is a local minimizer if
-

Ax* =b

3
or

E
Ax*=b

3Ef(x4 =

0 CFD
Xf(x)=Aty for some vector y

zf(x*)730 pT Df(x)p70 F0fp-null (Al



EXAMPLE:LEAST-NORM SOLUTIONS

minimize 11x112 subj to Ax=b (underdetermined)

can take f(x) =E11XIR. First-order optimality:
X =ATy for some y3 4p(F(T)(y)=(3)AX =b

EXAMPLEFind a minimal-norm solution to

x, +xz +... +xn = 1

( 3)(5) =(i)
- x +2y

=0 =X=ey

25x =1 #eTy =ny
=

1y =Yn e.



REDUCEDGRADIENTMETHOD

minimize f(x) 4=D minimize f2(X+2p)
st AX=b

Xo feasible;Ibasis for null (A)

for k=0,1, 2, ...

· Compute gi
=4f(Xk)

· Compute H = =72f(XK)

· solve ZTHzp,F
- zg

ie x2fXk)p,j- 4fz(Xk)
· Linesearch on f( T,1+aZP)
· Xk+1

=xk +2pzpi



OBTAININGANULLSPACEBASIS

Permute variables (columns of Al so that

A =[B N] where Bnonsingular
mn-m B = "Basic"

x) ="Non-basic"

Thenfeasibility requires

AX =bkt(BX](x,y) =bEBXB +xxx =b

Basic (XB) and Non-Basic (xx) variables:

· xx free to move

· XBuniquely determined by XN, i.e, xB
=B(b-NXx)

Constructing a null-space matrix:

z =
-B
- 'N[ I I =Az =(BN](

-

B
-

) =

0


