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OPTIMALITY FOR CONVEX OPTIMIZATION ( Smooth objective)

minimize fcx] subject to ✗ c- C
✗ EIRN

• f- : IR
"
→ IR convex differentiable function

a C EIR" convex set

Unconstrained ( c=iR^ )

✗
*
c- argmin f- (X) 4=1> f-

'
(✗*; x -✗

* ) = → f-(E)Tcx-✗*) 30 ✗ c- IRM
✗c- IR

" e-
⇐D if = 0

all directions away from ✗*

are nondecreasing
constrained ( cairn )

✗
*
c- argmin fix ⇐ f-

'
(✗*; x - ✗

*
) - = tfc×*Fc× -✗*) 70 V- ✗ c- C

✗ C-C

¥ÉÉtions are

nondecreasing



NORMAL CONE

The normal cone to -CEIR
"
at the point ✗ c-C is

Nc (X) := { g c- IR
" I gtcz-×) I o f z c-C }

I

H
, µ

"
"

•I

•

Xz Xz • Nc(Xg)
C

Nccx ,] = { normal to supporting hyperplane H
,
= {ZEIR" I §z±gTxz }

Neck) = { 0 } because Xz c- int C
,
ie
,

"

strictly feasible
""

Necks) = { cone of normals at
"

vertex
"

}



optimality

a point # argmin fcx) if and only if
✗c-C

tfcx't)T(Z -X) 7 o f z e C

use the normal cone definition to deduce the equivalent
optimality condition :

- tfcx
't) c- Nc (✗*)



interior of C

a point × is in the integer of C Cie
,
✗ c- int c) if all

directions are feasible :

✗ + Ed c- C for all DEIR
" and E> o small enough

if g c- We Cx)
and ✗ c- inte

,
then either

① gtcz - x) > o for 2- := ✗ + Ed EC

or

② gtcz - X) < 0 for z : = ✗ - Ed c- C

① and ② together imply that g=o . Thus,

✗ c- inte ⇒ Nc (x) = { 0 } .

[ also ⇐ via supporting hyperplace theorem (
extra credit!) ]

Unconstrained optimality
✗
*
c- argmin

fcx) ⇐I> -tfcx't) c- Ne Cx) = { 0 } # PfCx*)=o .

✗tern



example : normal cone to affine set

C = { ✗ c- Rn I A-✗ = b } A -mxn matrix

define the "shifted " set

↳ = { z - ✗ 1 zec } = null (A) (why
?)

r

then Nix) + {×}
^

NCCX) = { g-
'I gtcz- x> so it 2- c- C }

• ✗

C
= { g I gtd

£0 ltdecx }

= { g I gtd £0 tdenuu (A) }

= { g I gtd = 0 Kd c- nuu (A) }
because
dtnulla) 4=1>

-d C-null(A)

=
. range ( AT )



optimality for linearly - constrained optimization

thin
✗⇐Rn

f- (X) subj to d-✗= b

a point ✗
* c- C. = {✗ / A✗=b } is optimal if and only if

-tfcx't ) C- Nc (✗*)

-1€, by previousslide

→f- Cx*) ⇐ range (AT)
= { A-y l y

c- IRM }

IF
tfcx't) = Aty for some y c-Rm

E vector of
"

Lagrange
multipliers "


