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SCALED GRADIENT METHOD

(D) heiniuuize f- (x) f :D
"
→ IR

✗ c- IRN

• Make a linear change of variables with

S non-singular nxn
,

✗ = Sy ie y:=
54

(Pscaled) tuiuimize gey) :=f(Sy)
YER
"

• Apply gradient method to scaled problem :

Ykti = YK
- ✗

KPglyk) with tgly )= Sttfcsy)
• Multiply on left by S :

✗
1<+1
= ✗
K
- ✗← SSTPFCXK)

.sc#iEod : will D= SST ,

✗
1<+1
= ✗

K
- ✗xDDflxk)



SCALED DESCENT

The scaled gradient -Dtfcx) is a descent direction :

f-
'

( ×; -Difcx)= -DFCXFDPFCX) < 0

because D= 5560 ( S nonsingular )

Scaledcnradienttethod

for k= 0, 1,2, - - -

o choose scaling matrix Dk

• compute scaled gradient dk=DkPfcx⇒

• compute step length ✗← by linesearch on the fondue

¢6) = f- (✗K- ✗ didI • ✗Kt, = ✗K- ✗kdk
• STOP if 11171-41<+1) /I E to/



CHOOSING THE SCALING MATRIX

° Scaled gradient method is just the gradient method applied to g :

gly) = f- (DIY) = fcx) [D= ssT=D±D±]

Dgly) = D±Df(D±y) =D±DfCx)

72g (y) = D±D2f(D±y)D± = D±P2fcx)D±

• Choose Dk so to make D±DZf DE as well conditioned
K k k

as possible . Take H= PZFCXK) :
K

HE
' 70 [Newton] DKÉH,<DÉ=I cord CI) =L

[DampedD.< = { 4%+11=5 ' Newton] DÉHKDÉ →I as >→ 0

diag ( j[Diagonalscaling ]
to



GAUSS - NEWTON METHOD

CNLS) keiuiueize f- (X) = ¥11M-17112 ri :1Rh→R
✗ c- Rn cont . diff't

c- =\
,
- - - , M

Gauss - Newton Method :

✗
KH = Angwin É

/ Irk 1-Ak /✗-✗⇒ 112
rk=r(×k)

✗
- a ,<=/

P?×Ñ )(linearization of]armchairat ✗
k

= (AÉAK)"AÉ(Alexia - rk)
= ✗

k
- LAÉAK)

- '

Aktrk

= ✗
K
- (AÉAk)

-'

Pfcxia) DfHk)=AIrk

Thus
,
we see that the Gauss- Newton method is a scaled gradient

method with the scaling matrix

Dk=(AIA ,<5
'



NEWTON's METHOD

heiuiueize fcx) f :Rh→1R twice cont . -diff't
✗c- 112h

Given ✗← , define ✗K+, as the minimizer of the quadrate
approx to f- at ✗← :

✗
K+,
= argmin { fkttfktcx- xD + tzcx-xk.JP?fkCx-xk)}

✗

Minimizer is well-defined if 741<=-74-1×1-7 40 . In that case
,

✗1<+1 = ✗←
- 4741<5

"

Pfk
= Xk + dk ( dk Newton direction )

where dk solves Tifkd = -Pfk .



PURE NEWTON'S METHOD

Xo given

for 12=0 , 1,2 , - - -

• gk ← Dfcxia) compute gradient
• Hk← DZFCXK) compute Hessian

• dk solves Hkd = -gu compote Newton step
• ✗

K+,
← ✗

k
+ dk

• STOP if 1117/-1×1<+011 Etol



CONVERGENCE OF (PURE) NEWTON 'S METHOD

• require PZFK do for all K . Ensures descent :

DZfkd= - Pfk =D dttidf,ed= - dtlfk =D Dfid < 0 .

• May still diverge even if 174-1<70 . ¥-7kEI f- (x) = ✓ll -

f-
'
(X) = ✗ (1+5)-1-2 f-

"
a) = ( it✗2j%

Newton iteration 4<+1 = ✗k
- f⇒= ✗

k
- ✗

← (1+52) = - XE

✗
K
→ {

° if 1×01<1

1=1 if 1×01=1

too if 1×01 > I



CONVERGENCE OF NEWTON's METHOD (PURE)

Suppose f :/Rh -0112 is twice cont . diff 't and

(a) DZFCX) Y EI for some E> 0
,

✗

(b) 11 Pzfcx) - P2f(g) 11 E LUX- YU ×,y for some 270

Then the pure Newton iteration satisfies if ✗* unique :

11×1<+1 - ✗* 11 E ¥ 11×1<-7+112

In addition
, if 11×0 - ✗*11 ± % then

I

11×1<-11*11 ←(E) (E)
2
"

1<=0,1 ,
. - -



RATES OF CONVERGENCE

Measure how fast a sequence {xk} ,⇐yz,, . . . converges to its
limit (assuming limit exists) .

Suppose ✗
←
→ ✗* ,

ie
,

Lim llxk- ✗* 11 = 0 .
K-Doo

Linear Convergence : there exists a number Meco, , ) St
- - -

him 11×1<+1 - ✗* 11 = µ eg ak= 2-
K

¥✗*H l,Yz,Y4,Yg,-----
subliuear
-

him " =L a- = ¥+1

'order f)

"m

"E¥;¥ ⇐ µ µ ,o,

"ÉÉ%,Y
Superliner

ak=⇐i
"

9=2 = quadratic
2-
2k"

⇒
=
2€ 27

=
2241 - 2)= 2-"→ 1


