Simplex

® assumptions
® computing feasible directions
® maintaining feasibility

® reduced costs
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Assumptions

we will develop the simplex algorithm for an LP in standard form
minimize  ¢'x

X
subjectto Ax=b, x>0

where Ais m x n

we assume throughout this section that
® A has full row rank (no redundant rows)
® the LP is feasible

® all basic feasible solutions (ie, extreme points) are nondegenerate
variable index sets:

® B={p1,5,...,8m }: basic variables
® N ={m,m,...,Mn—m }: nonbasic variables
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Feasible directions
a direction d is feasible at x € P if there exists o > 0 such that

x+adeP
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Constructing feasible directions
given x € P and Ax=b, x>0
require for all « > 0 that
b= A(x+ ad) = Ax+ aAd = b+ aAd
thus, we require Ad =0

suppose that x is a basic feasible solution, so that

ds

0=Ad=[B N] [dN

}:BdB—FNdN — Bd, = —Nd,

construct search directions by moving a single nonbasic variable 1, € N:

dy = e and Bdy = —a,,
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Example

minimize cx1 + Gx» 4+ Gx3 + axa
subject to x1 + X2 + X3 + Xy, = 2
2x1 + 4+ 3x3 + 4x4 = 2
x > 0
1

B={12} — B_B é} N X_[iz]_ N

increase nonbasic variable x3, ie, dy = {Zm} - Lﬂ

72

w—na, — [ Y[2]--[] = [¢]-2[])
thus, d=(-3/2, 1/2, 1, 0)
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Change in objective

how does the objective c¢’x = c’(x + ad) change as « increases?
¢ =c'x where x is a basic feasible solution
then _
b=c'x (x = x+ ad)
= c’(x + ad)

=c'x+ac’d
d
=¢+alg o [di]
= ¢+ alc] ds + ¢ dy)
=¢+a(gdstc,)
—_——

reduced costs

where dy = e, ie, only pth nonbasic variable 77, moves
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Reduced costs

reduced cost for any variable x;, j =1,...,n

e roy Ty o Tp-1,
Zii=¢+cydg=cj—c, B g

reduced costs for basic variable x;, j € B:

zi=c¢ —c] B a
=q — cBTej (B_IB =1 — B‘laj = € If_] S B)
=G —g

=0
thus, only nonbasic variables need to be considered

note: if z > 0, then all feasible directions increase the objective

theorem: consider a BFS x with a reduced cost z.
® if z > 0 then x is optimal

® if x is optimal and nondegenerate then z > 0
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Choosing a steplength

change in objective value from moving pth nonbasic variable 7, € N:
¢ =0 +az,
zy, <0, so choose a > 0 as large as possible:
a*=max{a>0|x+ad>0}
case 1: if d > 0, then it is an unbounded feasible direction of descent, ie,

Xx+ad>0 forall a>0

case 2: if d; < 0 for some j, then x + ad > 0 only if

a < —xj/d; forevery dj<0

ratio test: .
w _ : X

o = min —_—

{jeBldi<0}  d;
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Basis change

case 1: no "blocking” basic variable. Therefore d is a direction of unbounded
descent

case 2: the first basic variable to “hit” a bound is “blocking”

variable swap:
® entering nonbasic variable 7, € N becomes basic (x,, — +)

® blocking basic variable 3, € B becomes nonbasic (x3, — 0)

new basic and nonbasic variables

® B%B\{ﬁq}u{np}
.N%N\{np}u{ﬁq}
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A new basis
the new set of columns define a basic feasible solution: the new basis matrix

B=las as, -+ ay, -+ ap,] with n, €N

has rank m.
Note that
|=B1B=B"1 [351 ag, -+ oag, - agm}
— [el & P eq e em]
thus, _
B 'B=B"1 [351 ag, -+ ap, - agm]
= [el € Bilanp e em]
— [el e _dB em]
r dgl ]
1 dg,
= ds, with dg, <0
L ds,, 1
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Simplex without B!
search direction: maintain Ax = b and A(x + ad) = bforalla>0

ds

Ad=0 = [B /\/][dN

:| = 0 e BdB = _NdN
effect on objective: need to choose a “good” d,. Solve
BTy = ¢, and zi=c—ATy

for some oo > 0,

p=c'(x+ad)=c'x+ac’d=¢+alc] <] [Zﬂ
N

= ¢+ a(c) ds + ¢ dy)
_¢+a( "Bd; + ¢, dy)
= ¢+ a(—y"Ndy + ¢ dy)
=o¢+alcy— NTy)"d,

=¢+azl dy
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pricing: only one nonbasic 7, moves, implying

dy = e, Bds = —a,,, ¢ =¢+az,
choose p so that z,, < 0 (eg, most negative). nonbasic 7, enters basis

optimality: no improving direction exists if for each j =1,...,n

x; =0 and zi>0

xj >0 and zi =0 (must hold for basics)

ratio test: basic variable 3, exits basis

X
g = argmin — Bq,

q|dg, <0 Bq

new basic and nonbasic variables

® B+ B\{Bs}U{np}
¢ N N\{n}tu{pB}
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