Convergence of
gradient descent
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Convergence of gradient descent

e jteration complexity
e quadratic models
e descentlemma

e smoothness and strong convexity
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Example I: Step size selection

Gradient descent for f(x) = z? with different step sizes.
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Example ll: Logistic regression

Gradient descent for logistic regression f(6) = = Y log(1 + exp(—vi(zI0)))
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Smooth functions

Afunction f : R" — Ris L-smooth (ie, L-Lipschitz gradient)

IVf(z) = VIl < Lilz -yl e,y

examples

o linear: f(z) = a’z,witha € R®, hasL = 0
e quadratic: f(z) = 52T Az + b7z + v, with A = 0,has L = ||A]|2 = Amax(4)

Second-order characterization

If fistwice continuously differentiable, then f is L-smooth if and only if for all =

Vif(z) X LI de, [[Vif(z)ls <L
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Question

What is the Lipschitz constant L for the gradient of the function

f(z) = 5 lleAz — b]?
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Descent lemma

If fis L-smooth, then forall z, z

£(2) < f@) + V(@) (=~ 2) + 5 12— 2]

means that any L-smooth function is globally majorized by a quadratic approximation
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Projected gradient descent

 projected gradient method for minimizing L-smooth f over a convex set C
Tr+1 = Projo(zr — aV f(zx))

e by descentlemma, becausea < 1/L

1

f(2) < f() + Vf(2)" (z — 2) + g”z —z|* < f(z) + V()" (2 — z) + 55 1% z||’

e projected gradient descent (with step size ax) step minimizes the quadratic upper bound:

proj-(z — aV f(z)) = argmin ZL |z — (z — aVf(z))|?
zeC Q
1
= argmin [V /(@) + Vf(2)" (s = 2) + 52— ol
— argmin f(z) + Vf(z)(z — z) + %Hz — z||?
zeC a
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Convergence

e Let C' = R" (unconstrained), fr := f(zr), V fr := V f(xr). By descent lemma,

L
fri1 < fr + Vfg(mkﬂ — ) + §||$k+1 — z|?

e takexpi1 = 2 — aV fi,thenzpi1 — xp = —aV fr and

L
frr < fo = VIV i+ Sl = aV il

La?
= fi— Al VA + =V il

~fe-a(1- 5 ) IVAI

e decreasing objective values

fer1 < fr if a€(0,2/L) and Vfr#0
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Nonasymptotic rate

e ifa € (0,2/L] then fry1 < fr — a (1 — %)[|V fil|?
e minimize RHS over a € (0,2/L] givesa* = 1/L and

]‘ 2
< f,
frr1 < fr 2L||ka||

e sumoverk =0,1,2,...,T gives
1 T
ST Z IV Fell? < flzo) — f(zr) < f(zo) — f*, where f* is min value
k—0

e bounds min gradient value

T R+
<{0,... k:
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Question
Convergence rate of gradient descent

Let f : R" — R be a convex, L-smooth function. When applying gradient descent with a constant
step size & = 1/ L, which of the following statements about the convergence is true?

a. The function values f(xy) decrease quadratically with the number of iterations k.

b. The gradient norms V f(x) converge to zero at a rate O(1/k).

c. The method achieves a convergence rate of O(e~*) for the function values.

d. The sequence {x } generated converges to the minimizer in a finite number of steps.

11/17



Strong convexity

Afunction f : R™ — R is u-strongly convex (with u > 0) if forall z, y

f(2) = f(@) + V(@)  (z—a) + £ |z — 2l

If fistwice continuously differentiable, then f is u-strongly convex if and only if for all =
d'Vif(z)d > pld|* VdeR" <=  Vf(z)=In
Example (Quadratic functions) For a positive definite matrix A, the function

1
f(x) = §CBTA£B + 0Tz +

is p-strongly convex with 1 = Apin (4).
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Alternative characterization

A function fis u-strongly convex if and only if for all a

9(@) = f(z) — < |2l
IS convex.

e Imples that Tikhonov regularization induces strong convexity

13/17



Distance to solution

Lemma 1 (Lipschitz smooth) If fis L-smooth, then for all z and all minimizers * with

f* = fz"),

1 L
—IVi@)|? < f(2) - 7 < e — 2|

e gradient norm does not bound the distance to the solution

Lemma 2 (Strongly convex) If f is u-strongly convex, then for all  and all minimizers * with

fr=f(="),

Elle —a*|1? < f@) - £ < 5 IVF@)?
14
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Smoothness and strong convexity

e L smoothnessimples

£9) < £(@) + VH@) () + 5y~ 2l

e [ strong convexity implies

f¥) = f(2) + V(@) (y—2) + [y~ 2]
e together, forallz,y

L
2

By — all® < £o) — f(@) — V@) (y—2) < lly— o

e implies Hessian eigenvalues bounded above and below:

pl < V2f(z) X LI Vz
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Linear convergence
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Linear convergence with strong convexity

e under L-smoothness, we deduced the per-iteration decrease

frev1 < fr — —||ka:|\2

e under u-strong convexity, iHkaH2 > fr. — [, hence

frn < fi- L (fi—f) = fn—F <O
e recursingdownfromk =T,T —1,...,0 gives
fr—f <=5 (fo—f) Sexp (—£T) (fo— £)

o ifwerequire fr — f* < ¢, it’s sufficient to run T iterations such that

L — f* L
T > —log ( fo=F ) where — is the condition number
M € M
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