Projected Gradient
Descent

CPSC 406 - Computational Optimization



Projected gradient descent

e projection onto a convex set

e gradient projection method
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Orthogonal projection

Foraset C' C R" closed convex, the projection of a point x € R™ onto C'is the point

proj,(z) = argmin |z — 2|
zeC

Properties:

l.ifz € C,thenproj(z) =«
2. proj(x) is unique (objective is strictly convex)

3.2=projo(z) < 2€C and (z—2)T(y—2)<0 VyeC
proof of (3):

. Letg(z) = Lo — 2]

e By optimality,

z=projo(z) < —Vg(z)=z—2¢€ Ng

3/10



Projection onto 2-norm ball

C={zeR"| |zl <a}=aBs: (a>0)

N L if ||z2 < «
projq(z) = apte if |z > a

L(f”PV?j°ﬁ>‘)
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Projection onto positive orthant

C=R"!={zecR"|z>0}

‘max {0, x1}

projc(w) —
'max {0, z,}
3 2
R+
P°gd*“’)+ Prog (")
&
. b L
é xM = Gl)
\(Li)
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Projection onto infinity-norm ball

C={zeR"||z]w <a}=aBa (@>0) 2] = max |a]

[sign(z1) - min {a, |z1]}]

projc(z) =

_Sign(wn) - min {Oé, |wn|}_

f
. - [] X
" G ]
Zc.!)g ?1“3‘ (* ’) '

xm= %(0
[ ]

Y 6/10



Question

Compute the projection of the vector z = (1, 1, 1) onto the affine set

C ={z € R"| Az = b},

1=l 33 -l

where

a. (—3.056,0.11, 3.27)
b. (0.11, —3.056, 3.27)
c.(0.11, 3.27, —3.056)
d.(3.27,0.11, —3.056)
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Example: de-biasing

S

C={zecR"|efz=0}, e=(1,1,...,1), elz= T

By optimality conditions of the problem
projo(z) = argmin { 1|1z - 2| | e’z = 0}
we have
r — projs(z) € range(e) = ae for some a € R
To find o, premultiply by el

el(z — projo(z)) =aele=n — a= € avg(x)

Thus,

pProjo(z) =z — —e 8710



Projected gradient descent

min {f(z) | @ < C}

e f:R"™ — IR convex and smooth
e CCR"

Algorithm:
e Startfromxy € C
e Fork=0,1,2,...

= gr = Vf(zx)
= linesearchon ¢(a) = f(projo(xr — agr)) (eg, backtracking, constant stepsize, etc.)

" Tk+1 — prOjC’(wk - akgk)
= stopif || Xx1 — @kl is small
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Stationarity

z* € argmin f(z) <= " =projo(z” —aVf(z")) Va>0
zcC

By projection theorem:
(z* —aVf(z*) —z*) (2 —2*) <0 VzeC
equivalently,
—aVf(z)'(z—2*)<0 VzeC
Use definition of Normal cone to deduce equivalent condition:

—Vf(z*) € No(z”)
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