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Regularized least squares
competing objectives

Tikhonov regularization (ridge regression)

least-norm solutions
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Multi-objective optimization
Many problems need to balance competing objectives, eg,

choose x to minimize f1(x) or f2(x)

can make f1 or f2 small, but not both, eg

x∗ = argmin
x

f1(x) ⟹ f1(x∗) ≤ f2(x∗)

ξ(i) := {f1(x(i)),  f2(x(i))}

ξ(1) is not efficient

ξ(3) dominates ξ(1)

ξ(2) is infeasible

The Pareto frontier
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https://en.wikipedia.org/wiki/Pareto_front


Weighted-sum objective
Common approach is to weight the sum of objectives:

min
x

 α1f1(x) + α2f2(x)

penalty parameters α1,α2 > 0

ratio α1
α2

 determines relative objective weights

argmin
x

{α1f1(x) + α2f2(x)} = argmin
x

{ f1(x) +
α2
α1

f2(x)}

x(1) solution for α1 > α2

x(2) solution for α2 > α1

Two efficient solutions on the Pareto Frontier
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Nonconvex Pareto frontier

, Wikipedia, courtesy G. Jacquenot CC-BY-SA-3.0
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https://en.m.wikipedia.org/wiki/File:NonConvex.gif
https://creativecommons.org/licenses/by-sa/3.0/deed.en


Tikhonov regularization
min

x
  12 ∥Ax − b∥2 + 1

2 λ∥Dx∥2

known as ridge regression in statistics and machine learning

∥Dx∥2 is the regularization penalty (often D := I)

λ is the positive regularization parameter

equivalent expression for objective

∥Ax − b∥2 + λ∥Dx∥2 = [ ]x − [ ]

2

Normal equations (unique solution if D full rank)

(A⊺A + λD⊺D)x = A⊺b

∥

A

√λD

b

0

∥
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Question
Given tall m × n matrix A with SVD A = UΣV T , where Σ is the diagonal matrix of singular
values σ1 ≥ σ2 ≥ ⋯ ≥ σn ≥ 0. Let

M = [ ]

For i = 1,… ,n, are the singular values of M  are

a. σi

b. σ2
i + λ

c. √σ2
i + λ

d. σi +√λ

Hint: Recall that the singular values of M  are the square roots of the eigenvalues of M T M .

A

√λ I
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Example — signal denoising
observe noisy measurements y of a signal

b = x̂ + η where {

x♮ ∈ Rn is true signal
η ∈ Rn is noise
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Example – least-squares formulation
Naive least squares fits noise perfectly: b solves minx ∥x − b∥2

assumption: x♮ is smooth ⟹  balance fidelity to data against smoothness

min
x

 ∥x − b∥2

f1(x)

+ λ
n−1

∑

i=1

∥xi − xi+1∥2

f2(x)

f2(x) is penalizes jumps in signal




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Example — matrix notation
Define the (n − 1) × n finite difference matrix

D = ⟹
n−1

∑

i=1

∥xi − xi+1∥2 = ∥Dx∥2

least-squares objective

∥x − b∥2 + λ∥Dx∥2 = [ ]x − [ ]

2

Normal equations

(I + γD⊺D)x = b

⎡

⎢

⎣

1 −1 0 ⋯ 0 0
0 1 −1 ⋯ 0 0

⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 ⋯ 1 −1

⎤

⎥

⎦

∥

I

√γD

b

0

∥
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Sparse matrices
D is sparse: only 2n − 2 nonzero entries (2 per row)

using SparseArrays: spdiagm1
finiteDiff(n) = spdiagm(0 => ones(n), +1 => -ones(n-1))[1:n-1,:]2
finiteDiff(4)3

3×4 SparseArrays.SparseMatrixCSC{Float64, Int64} with 6 stored entries:
 1.0  -1.0    ⋅     ⋅ 
  ⋅    1.0  -1.0    ⋅ 
  ⋅     ⋅    1.0  -1.0
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Equivalent formulations

Code

min
x

{f1(x) + λf2(x) }

min
x

{f1(x) ∣ f2(x) ≤ τ}

min
x

{f2(x) ∣ f1(x) ≤ σ}

Figure 1
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