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Overview
The singular value decomposition (SVD) reveals many of the most important properties of a matrix.
It generalizes the eigenvalue decomposition to non-square matrices.

geometric interpretation

reduced SVD

full SVD

formal definition
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Matrix Rank
The rank of a matrix A is the maximum number of linearly independent columns (or rows) of A. It
indicates the dimension of the subspace spanned by its columns (or rows).

Column rank is the dimension of the column space range(A)

Row rank is the dimension of the row space range(AT )

Full rank if rank(A) = min(m,n)

for any matrix, the row and column rank are equal, so we just say rank

Example

A =

Implications
higher rank means more linearly independent vectors ⇒ more information or dimensions
represented by the matrix

for a square matrix, rank is the number of non-zero eigenvalues

⎡

⎢

⎣

1 2 3
2 4 6
3 6 9

⎤

⎥

⎦
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Multiplication Table is Rank 1

  u = collect(1:12)1
A = u*u'2

 

  12×12 Matrix{Int64}:
  1   2   3   4   5   6   7   8    9   10   11   12
  2   4   6   8  10  12  14  16   18   20   22   24
  3   6   9  12  15  18  21  24   27   30   33   36
  4   8  12  16  20  24  28  32   36   40   44   48
  5  10  15  20  25  30  35  40   45   50   55   60
  6  12  18  24  30  36  42  48   54   60   66   72
  7  14  21  28  35  42  49  56   63   70   77   84
  8  16  24  32  40  48  56  64   72   80   88   96
  9  18  27  36  45  54  63  72   81   90   99  108
 10  20  30  40  50  60  70  80   90  100  110  120
 11  22  33  44  55  66  77  88   99  110  121  132
 12  24  36  48  60  72  84  96  108  120  132  144
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Low-rank image approximation
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Singular value decomposition
For any m × n matrix A with rank r

le� U  and right V  singular vectors are orthonormal and singular values:

U T U = Ir, V T V = Ir, σ1 ≥ σ2 ≥ ⋯ ≥ σr > 0

for j = 1,… , r  

A = UΣV T = [u1 | u2 |⋯  | ur] =
r

∑

j=1

σjujv
T
j

⎡

⎢

⎣

σ1

σ2

⋱
σr

⎤

⎥

⎦

⎡

⎢

⎣

vT
1

vT
2

⋮

vT
r

⎤

⎥

⎦

AV = UΣ
Avj = σjuj

AT U = VΣ
AT uj = σjvj
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SVD Visualization
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Question: Flag rank
What is the rank of the Finnish flag?

a. 1

b. 2

c. 3

d. 4

e. 5
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Question: Flag rank II
What is the rank of the Greek flag?

a. 1

b. 2

c. 3

d. 4

e. 5
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Column and Row Bases
The le�- and right- singular vectors constitute orthogonal bases for the four fundamental subspaces
of A

projrange(AT ) = V V T

projnull(A) = In − V V T

projrange(A) = UU T

projnull(AT ) = Im − UU T
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SVD Construction
Conceptually, we can construct the SVD from the Grammian AT A:

1. gather the eigenvalues of AT A in descending order (may be multiplicity):

λ1 ≥ λ2 ≥ ⋯ ≥ λr > 0, Λ := Diag(λ1,… ,λr)

2. because AT A is symmetric, the spectral theorem ensures it’s diagonalizable

AT A = VΛV T

3. define singular values:

σi := √λi, Σ := Diag(σ1,… ,σr)

4. define le� singular vectors (deduce that U  is orthonormal):

U := AVΣ−1

5. summary:

A = UΣV T
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Properties
Given SVD A = UΣV T  with singular values σ1 ≥ σ2 ≥ ⋯ ≥ σr > 0

1. U  is a basis for range(A)

2. V  is a basis for range(AT )

3. spectral norm of A:

∥A∥2 = max
∥x∥2=1

∥Ax∥2 = σ1

4. Frobenious norm of A:

∥A∥F :=
m

∑

i=1

n

∑

j=1

a2
ij ≡ √trace(AT A) =

r

∑

i=1

σ2
i





⎷





⎷
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Question: Spectral norm I
Suppose that u ∈ Rm and v ∈ Rn are unit-norm vectors. Then the outer product uvT  is an
m × n matrix with rank 1. What is the spectral norm of uvT ?

a. 1

b. uT v

c. 2

d. ∥u∥2 + ∥v∥2
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Question: Spectral norm II
Suppose that x ∈ Rm and y ∈ Rn are nonzero vectors. Then the outer product xyT  is an
m × n matrix with rank 1. What is the spectral norm of xyT ?

a. 1

b. xT y

c. ∥x∥2 ⋅ ∥y∥2
d. ∥x∥2 + ∥y∥2
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Low-rank approximation
The SVD decomposes any matrix A with rank r into a sum of rank-1 matrices:

Eckart-Young Theorem

The best rank-k approximation to A is given by rank-k approximation

Ak =
k

∑

j=1

σjujv
T
j

with error Ek := A − Ak satisfying

∥Ek∥2 = σk+1 and ∥Ek∥F =
r

∑

j=k+1

σ2
j

A = UΣV T = [u1 | u2 |⋯  | ur] =
r

∑

j=1

σjujv
T
j

⎡

⎢

⎣

σ1

σ2

⋱
σr

⎤

⎥

⎦

⎡

⎢

⎣

vT
1

vT
2

⋮

vT
r

⎤

⎥

⎦





⎷
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Full SVD

Provides orthogonal bases for all four
fundamental subspacesU = [ Û ∣ Ū ]

Û = [u1,… ,ur,ur+1,… ,un ]

Ū = [un+1,… ,um ]
V = [ v1,… , vn ]
Σ = Diag(σ1,… ,σr, 0,… , 0)

range(A) = span{u1,… ,ur}
null(AT ) = span{ur+1,… ,um}

range(AT ) = span{v1,… , vr}
null(A) = span{vr+1,… , vn}
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Minimum norm least-squares solution
If A is m × n with rank(A) = r < n, then infinitely many least-squares solutions:

X = {x ∈ Rn ∣ AT Ax = AT b}

SVD provides the minimum norm solution x̄ = min{∥x∥ ∣ x ∈ X}

If A = UΣV T  is the full SVD of A, then

Choose

yj = { ⟹ x̄ = V y =
r

∑

j=1

uT
j b

σj

vj

∥Ax − b∥2 = ∥(U T AV )(V T x) − U T b∥2

= ∥Σy − U T b∥2 (y := V T x)

=
r

∑

j=1

(σjyj − b̄j)2 +
n

∑

j=r+1

b̄2j (b̄j = uT
j b)

b̄j/σj j = 1 : r

0 j = r + 1 : n
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Pseudoinverse of a Matrix
The pseudoinverse of a matrix A, denoted A+, generalizes the inverse for matrices that may not be
square or full rank. If A = UΣV T  is the SVD of A, then:

A+ := VΣ+U T where Σ+
ij = {

Key Properties
1. A+A projects onto the column space of A

2. AA+ projects onto the row space of AT

3. A+ always exists for any matrix A, regardless of its shape or rank

Connection to the Minimum Norm Solution
The pseudoinverse provides the minimum norm least-squares solution to ∥Ax − b∥:

x̄ = A+b

1/σi if σi > 0
0 if σi = 0
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