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Overview

The singular value decomposition (SVD) reveals many of the most important properties of a matrix.
It generalizes the eigenvalue decomposition to non-square matrices.

geometric interpretation
reduced SVD
full SVD

formal definition
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Matrix Rank

The rank of a matrix A is the maximum number of linearly independent columns (or rows) of A. It
indicates the dimension of the subspace spanned by its columns (or rows).

e Column rank is the dimension of the column space range(A)
e Row rank is the dimension of the row space range (A7)
e Fullrankifrank(A) = min(m,n)

e for any matrix, the row and column rank are equal, so we just say rank

Example

S = N
o O W

Implications

e higher rank means more linearly independent vectors = more information or dimensions
represented by the matrix

o for a square matrix, rank is the number of non-zero eigenvalues 3718



Multiplication Table is Rank 1

12x12 Matrix{Int64}:

2
4
6
8
10
12
14
16
18
20
22
24

3

6

9
12
15
18
21
24
27
30
33
36

4

8
12
16
20
24
28
32
36
40
44
48

5
10
15
20
25
30
35
40
45
50
55
60

collect(1:12)

usku

6
12
18
24
30
36
42
48
54
60
66
72

7
14
21
28
35
42
49
56
63
70
77
84

8
16
24
32
40
48
56
64
72
80
88
96

9
18
27
36
45
54
63
72
81
90
99

108

10 11
20 22
30 33
40 44
50 55
60 66
70 77
80 88
90 99
100 110
110 121
120 132

12
24
36
48
60
72
84
96
108
120
132
144
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Low-rank image approximation

rank=5 rank=25 rank=50
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Singular value decomposition

Forany m X n matrix A with rank

T
A=U T __ 72 E@L _ - oo T
=UXV" =[uy |us |- | up ) —Zajujfvj
: ]
i Or | _'UTT_

left U and right V singular vectors are orthonormal and singular values:

Ul =1, viv =1, o1>09> >0, >0
T, fory=1,...,r
4
/ N . AV =UZ ATU =vy

> Avj = oju; ATu; = o
K Vo
4
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SVD Visualization

Unit Circle Ellipse = A - (Unit Circle)

/
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Question: Flag rank

What is the rank of the Finnish flag?

a.l
b.2
c.3
d.4
e.5

8/18



Question: Flag rank Il

What is the rank of the Greek flag?

a.l
b.2
c.3
d.4
e.5
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Column and Row Bases

The left- and right- singular vectors constitute orthogonal bases for the four fundamental subspaces

of A

. T . T
PTOJange(AT) = Vv PTOJ;ange(4) = uu
Proj, s = In — VV' Proj,yyar) = Im — UU"
nubeey) nulll)
O
@' ra%k(q)
1
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SVD Construction

Conceptually, we can construct the SVD from the Grammian AT A.
1. gather the eigenvalues of AT Ain descending order (may be multiplicity):
A1 > A > >N\ >0, A :=Diag(A1,..., \;)
2. because AT Ajis symmetric, the spectral theorem ensures it’s diagonalizable
ATA=VAVT
3. define singular values:
oi =/ Ai Y. := Diag(o1,...,0,)
4. define left singular vectors (deduce that U is orthonormal):
U:= AV

5. summary:

A=UxVT
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Properties

GivenSVD A = UXV T with singularvalueso; > 09 > -+ >0, >0

1.Uis a basis forrange(A)
2. Vis a basis for range (A7) %,

3. spectral norm of A:

[All2 = max ||Az|]z = o1
z2=1

4. Frobenious norm of A:

|A]lF = \J Zm: a;; = \/trace(ATA) =
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Question: Spectral norm |
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Question: Spectral norm Il
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Low-rank approximation

The SVD decomposes any matrix A with rank 7 into a sum of rank-1 matrices:

-0'1 i ’U{
02 vl r
T _2 T
A=UXV" =us |ua| - | up :Zajujvj
j=1
B Or _'UTT_
Eckart-Young Theorem
The best rank-k approximation to A is given by rank-k approximation
k
T
Ak = Z ajujvj
j=1
with error B, := A — A}, satisfying
T
|Eills = okn and [[Billr=,| > o2

Jj=k+1 15/18



Full SVD

¥
-

M <SS S
I

O
¥ m—>
P Provides orthogonal bases for all four
U |U] fundamental subspaces
e T Bk e d range(A) = span{uy,...,u,}
Un+1, 77Ln1] T
o vn] null(A”) = span{u,;1,...,un}
(V1y.. ey o
— Diag(o1, .. .,0,,0,...,0) range(A”) = spanivy,...,vr}
null(A) = span{v, 1,...,v,}
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Minimum norm least-squares solution

If Aism X nwithrank(A) = r < n, then infinitely many least-squares solutions:

X ={zecR"| AT Az = ATb)

SVD provides the minimum norm solution Z = min{||z|| | x € X'}

If A = UXV T isthe full SVD of A, then

Choose

|Az —b||* = [|(UTAV)(V ") - U"D"

= |2y - U"b|? (y:= V')
= (ojy;— b))+ > _ b3 (bj = ujb)
j=1 j=r+1
_ r T
bj/O'j ] =1:r — u] b
Y {O j=r+1:n g Y ;aj o
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Pseudoinverse of a Matrix

The pseudoinverse of a matrix A, denoted AT, generalizes the inverse for matrices that may not be
square or full rank. If A = UXV T is the SVD of A, then:

1/0’1‘ if o; > 0

+ . +77T + _
AT :=VX"U* where Eij_{o if 0 — 0

Key Properties

1. A" A projects onto the column space of A

2. AA™ projects onto the row space of AT

3. AT always exists for any matrix A, regardless of its shape or rank

Connection to the Minimum Norm Solution

The pseudoinverse provides the minimum norm least-squares solution to || Az — b||:

T=A"b
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